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Abstract: We consider a stochastic fluid model {(X(¢), J(¢)) : ¢ > 0} with level variable
X(t) > 0, phase variable J(t) and some fixed ‘jump’ levels gy > ... > ¢; > 0. The
process is driven by a continuous-time Markov chain {J(¢) : ¢ > 0} with state space S,
generator T, and real-valued fluid rates ¢; € R for all ¢ € S. The evolution of the level
variable X (¢) is such that dX (t)/dt = c;) whenever X () > 0, and as soon as the pro-
cess hits X (¢) = 0, the phase variable J(¢) transitions to some phase in S, while the level
variable X (f) may jump to some level g, > 0, remain at the boundary ¢y = 0 or reflect
from it, and a phase transition may also occur. The process was previously analysed using
various algebraic methods in a special case with N = 1 and without special behaviour at the
boundary ¢,. Here, for the first time, we analyse this process using matrix-analytic methods,
which is a powerful methodology in the field of applied probability, suitable for convenient
numerical analysis. We present methodology for the computation of the stationary and tran-
sient distribution of the key performance measures of the model under general assumptions

and illustrate the theory with numerical examples.

Keywords: Markov chains, matrix-analytic methods, stationary distribution, stochastic fluid

models, stochastic fluid models with jumps, transient analysis.

1. Introduction

Matrix-analytic methods (MAMs) is the theory within the field of applied probability
that is a rich source of stochastic models and theoretical results for the mathematical analy-

sis of a wide range of real-world systems evolving in random environments, and powerful
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algorithms for the efficient numerical computation of their performance measures. For the
overview of the key mathematical objects and results within the MAMs literature the reader
is referred to Neuts [24], Latouche and Ramaswami [21], Bini, Latouche and Meini [10],
He [15], and Bladt and Nielsen [11]. Two fundamental, closely related classes of Markovian-
modulated models within the theory of MAMs are Quasi-Birth-and-Death processes (QBDs)
and stochastic fluid models (SFMs), in which the evolution of the level variable X (¢) (dis-
crete in QBDs / continuous in SFMs) is driven by the evolution of the phase variable .J(t),
see e.g. Bean, Latouche and Taylor [3], Bean and O’Reilly [4], Da Silva Soares [12], and
Latouche and Nguyen [20]. For the review of the methodology and application examples in
queueing theory, such as multi-server queueing systems, ride-hailing platforms, organ trans-
plantation systems, perishable inventory systems, and risk models in finance, the reader is
also referred to Wu [29], and He and Wu [16, 17].

Here, we apply this powerful methodology for the stationary and transient analysis of
a class of SFMs in which the level variable jumps to some level ¢ > 0, immediately af-
ter hitting level zero from above. This class of models has application potential to a wide
range of problems in real-world, since continuous-time Markov chains are ubiquitous in ap-
plications, and so SFMs can be used to analyse performance measures of many real-world
systems. SFMs with jumps further extend the application potential of SFMs.

Related SFMs were previously studied in Kulkarni and Yan in [19] and by Nabli and Ab-
dallah in [23] using spectral methods, and in Bean, O’Reilly and Sargison [7] using MAMs.
The advantage of the MAMs methodology applied here is that the analysis of these models
involves meaningful physical interpretations and conditioning on the evolution of the sam-
ple paths, which not only enables convenient proof techniques, but also results in efficient
computational methods that follow from these interpretations.

We build upon the methodology for the direct analysis of the SFMs and the physical
interpretations of the fluid generators derived by Bean, O‘Reilly and Taylor in [8, 9], Bean
and O‘Reilly in [5], and Samuelson, Bean and O‘Reilly in [27]. In our approach we apply
convenient arguments from the classic theory of MAMs [21, 24] in which we condition on
hitting certain levels within the sample paths, and then represent the quantities corresponding
to the related parts of the sample paths in terms of these generators.

Consider a stochastic fluid model (SFM) {(X (¢), J(t)) : t > 0} with thresholds ¢y >
...>q > 0,q = 0, level variable X (¢) > 0, phase variable J(t) € S, generator T, and
real rates ¢ ;) € R such that

« {J(t) : t > 0} evolves according to an irreducible continuous-time Markov Chain

(CTMC) with some finite state space S = {1,...,m} and generator T = [T}, jes,
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where we partition S = §; US_ U S, according to phases with positive, negative and
zero rates c () respectively, Sy = {i:¢; > 0}, S_ = {i: ¢; <0}, So = {i : ¢; = 0},
 when X (¢) > 0 then the level X (¢) changes at rate ¢ (), and
* as soon as the process hits X (¢) = 0, which occurs in some phase J(t) with ¢ < 0,
then one of the following alternatives may occur:
— the phase process makes a transition to some phase in j € S with probability
P being an element of the matrix P(©) = [P{)]; .5 s, or
— the level X (¢) instanteneously jumps to level g, > 0 for somen = 1,..., N,
and the phase process makes a transition to some phase 7 € S with probability
P being an element of the matrix P(") = [P]ics_cs,
where we assume that > P(4")1 = 1.

We partition generator T according to the partitioning of S,

Ty T4 Tio
T=|T. T _ T,]|. (1)
Tor To- Too

We denote C = diag(c;)ics, C+ = diag(c;)ics, and C_ = diag(c;);cs_, and define the
fluid generators Q(s) and Q = Q(0) introduced for standard SFMs without jumps by Bean,
O’Reilly and Taylor in [8], such that

Qi+(s) Qi(s
Q(s) = [ Q_.(s) Q_(s ] : ()
with
Q.1 (s) = (Cy) H(Tyy — sl —To(Too — s1) " Toy),
Qi-(s) = (C1) (T4 —T4o(Too — s1)"'Ty-),
Q 4(s) = (IC_[)7HT—y = T-o(Too — s1)™'Toy),
Q__(s) = (|C_|)™ M T__ — sl —T_o(Toy — sI) ' Ty_). 3)

A useful physical interpretation of Q established in [8, 9] is that [¢?¥];; records the probability
of observing phase j at the time w(y) = inf{t > 0 : fg |cj(w)|du = y} when the total amount
of fluid that has entered the buffer reaches y, in a related SFM {(X(t), J(t)) : t > 0}
with nonnegative rates |c;(|, given the initial condition of starting from phase 7 at time 0;
and [eQ(®)],; is the corresponding Laplace-Stieltjes transform (LST) E(e=**¥ 1{J(w(y)) =
j} | J(0) = i) of the time to do so. That is, Q(s) and Q are generators with respect to the

fluid level (rather than time), and so this is why we refer to them as the fluid generators.
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Figure 1. Consider SFM {(X(t), J(t)) : t > 0} with rates \cJ(t |. Then w(y) is the first
time at which the level X () hits z + y, given start from some X (0) = z > 0 at time zero.
The total reward/cost R(w(y)) accumulated at time w(y) is interpreted as the level R(w(y))
at time w(y) given R(0) = 0, in a doubly-unbounded SFM {(R(t), J(t)) : t > 0} with
R(t) € (=00, 400) and some real-valued rates 7 ;) (and no jumps).

We will also apply one of the fluid generators described in [5, 27], given by

W(s) = [W++(5) W._(s) ] 7 4)
Wos) W (s)

with

Wii(s) = (C4)7H(Tey — sRy — Tyo(Top — sRo) ' Toy),

Wi (s) = (Co) (T4~ T+0(T00 — sRo) ™' Ty ),

W_i(s) = (IC-[)7HT-4 = T-o(Too — sRo) ™" Toy),

W__(s) = (IC-|)~ 1(T—— —sR_ —T_(Toy — 5Ro) ™' To-), ()
where Ry = diag(r;)ics,, R- = diag(r;)ics_, Ro = diag(7;);cs, record real-valued rates

r; € R at which some reward/cost accumulates when J () = i.

The physical interpretation of W(s) is that [¢V(*)Y];; records the LST E(e~*f«®)1
{J(w(y)) = j} | J(0) = i) of the total reward/cost R(t) = szo 7 7(ydu accumulated at
the time ¢ = w(y) and doing so in phase J(w(y)) = j, given the initial condition of start-
ing from phase 7 at time 0. Further, W(0) = Q, and if r; = 1 for all i € S, then we have

4
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W(s) = Q(s). Thatis, W(s) is a generalisation of Q(s). Note that since R(t) € (—o0, +00),
we interpret it as the level variable in an unbounded SFM with rates r;, driven by the phase
process J(t). We illustrate this in Figure 1.

The rest of the paper is organised as follows. In Section 2 we state the key results for
the standard SFMs without jumps, and also derive some new results using direct methods
of analysis within MAMs, based on the application of the fluid generators. We then build
on this approach in the sections that follow, and consider the general SFMs with upward
jumps and analyse them using MAMs. We focus on the stationary and the transient analysis
in Sections 3 and 4, respectively. In Section 5 we illustrate the application of the theory with
numerical examples. This is followed by concluding remarks in Section 6.

Throughout we assume that 4 = ). o mic; < 0, where ™ = [7;];cs is the stationary
distribution of the CTMC {J(¢) : ¢t > 0}, which implies that the process {(X (¢), J(t)) :
t > 0} is stable. Also, by 0, 1, O and I, we denote a vector of zeros, a vector of ones, a
zero matrix, and an identity matrix, respectively, of suitable sizes as indicated. We denote
by 1{-} an indicator function.

2. MAMs for the Analysis of the SFMs

We build our methodology for the analysis for the SFMs with jumps by generalizing the
following ideas and the results for the analysis of the standard SFMs. In our analysis, we
apply fluid generators [5, 8, 9, 27], together with conditioning on the evolution of the sample
paths of the SFM, level-crossing arguments, and corresponding physical interpretations.

Consider SFM {(X(t), J(t)) : t > 0} with level variable X (¢) > 0, phase variable
J(t) € S, generator T = [T};]; jes, and real-valued rates c;;) € R. In this standard SFM,
we have dX (t)/dt = c;) whenever X (t) > 0, and dX (t)/dt = maxz{0,c )} whenever
X(t) = 0. We partition the quantities below accordingto S = S, US_ U S, in the same
manner as in the SFM with jumps defined in the Introduction.

The expression for the stationary distribution of the standard SFM, as stated by O’Reilly
and Scheinhardt in [25, Equations (50)-(52)], is summarised in Lemma 1 below. The result
follows by conditioning on the time the process hits level zero from above, in a manner
similar to Bean and O’Reilly in [6, Theorem 2], which considered a more general class of
SFMs. The analysis is written directly in terms of the key fluid generator Q introduced by
Bean, O’Reilly and Taylor in [8] and is suitable for a model with any real-valued rates, and so
in a slightly different manner than an earlier form derived by Da Silva Soares in [12], which

treated nonzero rates case separately (and required converting the results to the general case).
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In relation to this we also make a comment in Remark 1 below.
Define matrices K(s), K = K(0), J(s), J = J(0), D(s), and D = D(0), such that

K(s) = Qii(s)+ ¥(s)Q-(s), (6)
D(s) = Q (s)+Q(s)¥(s). ™)
3s) = Q(5)+E5)Qs (s), ®)

where ¥ = ¥(0) = [¥;]ics, jes, is the minimum nonnegative solution of an appropriate
Riccati equation in [8] that has the interpretation as the probability matrix recording proba-
bilities ¥;; of first returning to the original level z > 0 and doing so in phase j € S_, given
start in z in phase ¢ € S}, and 2 = E(0) = [Z;];es_jes, has a symmetric interpretation in
a process without a lower boundary at 0 such that X (¢) € (—o0, +-00) and dX (t)/dt = c;)
for all . Matrices W(s) and Z(s) record the corresponding LSTs of the time to do so and
can be computed using iterative algorithms (e.g. see [9] and references within).
Further, we let

K (s) = W, (s)+ TP (s)W_,(s), ©)
JB(s) = W__(s) + EW(s)W_,(s), (10)
DU (s) = W__(s)+W_,(s)®H(s), (11)
UR(s) = Wi i(s)+ Wi (s)EW(s), (12)

where W®) () and E(s) record the LSTs of the total reward/costs accumulated during
sample paths contributing to ¥ and Z respectively, and note that K/ (s) = K(s), J) (s) =
J(s), D) (s) = D(s), and U (s) = U(s), whenever r; = 1 foralli € S.

2.1. Stationary analysis of standard SFMs
Define P(t,x) = [P;(t, z)|;es, £(t, ) = [f;(t, z)];es, such that

Pitx) = B(X(t) <, J(t) = j),
OP(t,v)
ox
fort >0,z >0,j €S, and let p = lim;_,, P(¢,0) and 7w (x) = lim;_,, f(¢, x). Further, we
let

F(z) =[P(X > x,J =1i)]ies = [tlim P(X(t) >z, J(t) = i)]ies,
—00
and partition p, 7 () and F(z) according to Sy U S_ U Sy, with

p=[0, p po|, w(2) = [w(@)y w(@) wa)|, F@)=|[Fi@) F(2) Folx)],

6
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respectively, and let po = [ P- Po ]
Denote

Teo =
To- Too

T _ T_0] T _[T_+
) o+ —

Lemma 1. The vector ps = [ P- Po ] is given by

[P— Po} = a[& 00](—Tee)71,

where € _ is the unique solution of

£ [ I O, ] (_T@e)_l To, ¥ = €,
671 = 17

and « is a normalizing constant given by

a = { [ §_ 0o } (—Tee)_l <1+T9+(_K)_1 [ (Co)™" (e ]

(1+ Txo(—Too)"'1) ) } .
Forz >0, 7, (z) = [ . (x) w_(x) mo(r) } are given by,

[ 7@ m@ | = [ e | Tere [ (€) w(C ],

mo(z) = {m(x) w,(x)}Tio(—Too)’l.

Corollary 1. For all z > 0, vectors F(z) = [ F.(x) F_(z) Fo(z) ] are given by,

Fo() F() | = [po po|Ter(-KDeR [ () w(ep ],
Fo(z) = [ F (x) F_(x) ] T1o(—Too) .
Proof. The result follows immediately, since [~ eX*du = K™ [e¥*]>° = (—K™!)eke.

Remark 1. Nabli et al. have stated in [22] that “A numerical analysis shows that MAM may
be inaccurate”. The authors have supported their claim with an example in [22, Figure 5]
in which they stated that they applied the results for the stationary distribution of the SFMs
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derived by Da Silva Soares in [12], obtaining probabilities 1-P(X > ) = 1->_. s P(X >
v, J =1)=1=", slim_, P(X(t) >z, J(t) = i) thatexceeded 1. We note that applying
the above Lemma 1 to the example in [22, Figure 5], does not result in an instability and
produces accurate results, see Figure 2 below. We emphasise that MAM is a theory, which
does not have an issue with accuracy.

1.0000

0.9998

0.9996

0.9994

1 - P(X>x)

0.9992

0.9990

0.9988
0

Figure 2. Application of Lemma 1 to the example in Nabli et al. [22, Figure 5] is stable.

Remark 2. Consider vectors 7w_(x) and 7 (z), x > 0. We apply analytical arguments
analogous to da Silva Soares and Latouche in [13], to highlight some useful physical in-
tepretations. By a decomposition of the sample path in which we condition on the time the
process leaves level zero and does so in some phase in S, we have, forj € S, US_, x > 0,
and all ¢t > 0,

£t 2) ;&/Tof(t - 0)esdr

xP(X (1) € (x,x+h),J(1)=7,X(s) >0Vs € (0,7] | X(0) =0,J(0) =14) + o(h)
= Z /:0 fi(t = 7,0)c;dr

xP(z e X! (T,T%—&) ,J(1)=7,X(s) >0Vs € (0,7] | X(0) =0,J(0) =14) + o(h),
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and so by dividing above by h and taking limits, we obtain

mj(x) = lim f;(t;z) = Z mi(0)c; /TOO [¢(w)(7)] 1 dr,

where

[cb(””)(t)] = O BX () <0, (1) = j, X(u) > 0Vu € (0,4] | X(0) = 0,.J(0) = )

ij ox -
is the conditional density of visiting state (x, j) at time ¢, avoiding level zero, given start

in state (0,4) at time 0. Then, by Ramaswami [26], the entry [®"];; = [ [qb(x) (7')] dr
ij

O —sT

records the expected number of such visits over an infinite horizon, and [¥(*)?];; = [ ¢

[qb(”;) (7')] ~dr 1s the corresponding LST of the time at which these visits occur. Therefore,
ij
by the definition of K" (s) in (9) and the physical interpretation of the fluid generator W(s)

described in the Introduction,

[eK(R)(s)x]ij _ /Oo o—sR(T) |:¢(x)(7_):| dr (13)

-0 ij

is the corresponding LST of the total reward/cost accumulated when these visits occur.

Consider the LST matrix P()) defined by,

PO = [0, p po}+ /:6_)‘m[7r+(x) 7 (z) mo(x) | d,
and denote
T,
T0+ = Ter ’
To+
A, = | (€7t (e ((C+)‘1T+o+‘1’(\cf\)‘1Tfo)(—Too)‘l]-

Corollary 2. The Laplace-Stieltjes matrix P()\) is given by,

PO) = |00 po | (1= To (K= AD7'A,), (14)
where the vector po = [ P- Po } is the solution of the set of equations,

Pe ([ 0o+ Is ] —Tor (K- )\I)_lA-) (T-XC) = —Aps [ 0o+ Is } C, (I15)

9
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or equivalently,

or equivalently,

Pe ([ 05+ Is } —T9+(K)_1A.> = m,

Po ([ 0o+ Ig ] - Te+(K)_1A-> 1 =1,

where T is the stationary distribution vector of the CTMC {J(t) : t > 0}.

(16)

(17)
(18)

(19)
(20)

Remark 3. The above corollary leads to an alternative, slightly more convenient way of

computing the stationary distribution of the SFM, than the method in Lemma 1, in which

one needed to evaluate . Here instead, we first compute ps by solving e.g. (19)-(20), and

then the remaining quanities follow, as they all are expressed in terms of p.

Proof. By Lemma I,

(3] 0o T_
/ e Ny (z)de = / e [ P- Po } !
=0 =0 T0+

T
Toy |
= —pcTe (K- AI)7'(Cy)7,

- ~[r- ®]

and
/:C; e*Azﬂ-i(x)dx — /;OO €7>“’E7T+(x)dxc+\11(lcf|)*1
Lo 3 e wtege
= —peTor (K- ) E(IC_|),
and
/ﬂ;oi)e)‘xﬁo(x)dx = /:2 e [ . (x) w_(x) } $+Z ] (—Too) dx

10
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T . T

] (K20~ ()t w(e ) ] [ .

= P To (KA | (€)™ (€ | Tao(~Ton)

= - [ P- Po } ] (—Too) ™"

0+ -0

and so,
P(\) = p—pT (K- ' [(C,)" ¥(c )
((CH) "' Tyo+ ¥(|C_|)"'Tg) (~=Too) ']
= p-pT (K- AD'A,,
which gives (14).

An alternative expression for P()\) follows by applying the Kolmogorov differential
equations, for example see Kulkarni and Yan [19]. That is, for z > 0,

OP(t, x)
ot

_ OP(t,x)

=P(t,x)T 5

C,

and so by taking limits ¢ — oo, then multiplying both sides by e~** and integrating with
respect to x, it follows that

P(\) (T —AC) = —\pC. 1)

By (14) and (21), we then have (15) and by substituting A = 0, we obtain (17). Further,
since 5(0)1 = 1, the equation (16) follows. Finally, (19) follows due to 7T = 0 and 1 = 1.

2.2. Transient analysis of standard SFMs

Transient analysis of the SFMs was derived by Ahn and Ramaswami in [2] via a stochas-
tic coupling technique and arguments within the QBDs. Here, we derive the transient results
via a direct analysis technique in which apply the physical intepretations of the fluid gener-
ators introduced in [5, 8, 9, 27], and write slightly more general results, in terms of the total
accumulated reward/cost R(t) = fizo 7 j(w)du described in the Introduction.

Assume the process starts from level X (0) = 0 in some phase J(0) =i € S_ U Sy
according to the initial distribution vector a/(0) = [;(0)]ies_us,»> With a;(0) = P(J(0) = 7).

Consider the LSTs, denoted a(o)ﬁl(,R) (s) and a(O)EER) (x; s) for x > 0, defined as

[a LSV (s)], = /too aoE(eMILX (1) =0, J(t) = j})dt,

J -0

w0 t@9)] = [ anBle MO = 0, T(0) = )i

J =0

11
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where [a(mEf,R)(s)] ~is the LST of the total reward/cost accumulated when observing the
j

process at level zero in some phase in Sg, and Q(O)c@ (x;s)| isthe LST of the total re-
ward/cost accumulated when observing the process at level x injsome phase in S, given the
initial distribution a(0).

Consider the LSTs denoted ) Lp(s) and o) Le(z; s) for > 0, partitioned according
toS_ USyand S, US_ U S respectively, defined as

a(o)ﬁp(s) :/ e_Stam)p(t)dt :/ e [ a(mp(t)— a(o)p(t)o dt,
t

=0 t=0

a(o)ﬁf(x;s):/ e o f(t, x)dt = e’“[a(mf(t,xp aof(t, ) auflt,x) | dt,
t t=0

lap(®)]: = P(X(t) =0,J(t) =),

ol )], = 5 PUX() < 2,0() =)

and note that the quantities o, P(¢) and (¢, ) can be computed by numerically inverting
the LSTs o) Lp(s) and ) Le(z; s), respectively, using standard inversion algorithms, see
e.g. Abate and Whitt [1], Den Iseger [14], or Horvath et al. [18]. We note that if ; = 1 for
all i € S, then o) Lp(s) = a(o)ﬁg,R)(s) and o) Le(z; 5) = a(g).cﬁR) (x;5).

For any matrix A, denote by y (A), the eigenvalue with maximum real part of A.

Lemma 2. Assume that x (sRg — Tege) < 0. We have
a«nqaR)(S) = [ a<o>£1()R)(3)— a<0>£|(oR)<S)0 ]
— a(0) (sRs — Tog) ' + (0) (sRs — Teg) ™ Ty [ T (s) 040 }
X (I — (sRs — Tee)_l Toy [ ‘I’(R)(S) 0.0 D_l (sRe — Tee)_l(zz)
and for x > 0,
a(o>££R) (7;8) = [ a<0)££R)($S )+ a(o>£1£R) (@ 5)- a(@ﬁgR) (@ 8)o } (23)
with

[ a(O)ﬁi(-R)(fL';S)+ a(o)ﬁﬁR)(x; s)_ }

(B (5)z _ _
= a0l () Ter O [ (c)t W) (e ] 4)
a<0)£1(°R) (@3 8)o
= [ a(o>£ER)($;3)+ a(o)L’ER)(iﬂ; s)- }Tio(SRo — Too) (25)

12
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Proof. By arguments analogous to [5, Theorem 8], since x (sRg — Tos) < 0, the inverse
(sRs — Teg) ' = [, e(Te==*Re) ¢ exists , and its physical interpretation is that
[(Re = Tee) '], = [ B MO0 = 3} | X(0) =0.J(0) = i.Yu < 8. (u) € S
is the LST of the reward/cost accumulated during the time the process spends at level zero
and does so in phases in S, before leaving level zero.
Expression (22) follows since for the process to be observed at level zero in some phase
in Sg,
« it may remain at level zero without leaving it according to a(0) (sRs — Teg) ™',
« or it may leave level zero according to a(0) (sRs — Teg) ™! Tey, then come back ac-
cording to | ¥(H (s) 049 } , and then possibly leave and come back again any num-
ber of times including zero according to (I — (sRs — Tep) ' Toy { TR (5) 04 D_l,
and then finally remain at level zero without leaving it according to a(0) (sRg — Teg) ™.
Expression (24) follows since for the process to be observed at level x in some phase in
Si,
« it must leave level zero for the last time, according to a<0>£1(,R) (s)To., and then
» visit level x any number of times, while avoiding level zero, according to
Kz (C, )1 if ending in phases in S, or according to X' ©e @) (5)(|C_|)~L if
ending in phases in S_.
Expression (25) follows since for the process to be observed at level = in some phase in
So,
* itmust leave set S for the last time, according to [a(()>£§R) (;8)4 a((,)ﬁﬁR) (x;s)- } Ty,
and then
+ spend some time at level x, according to (sRy — Tog) .

Corollary 3. We have
awlp(s) = [ a@Lp(5)-  aLp(s)o ]
= (0) (s1 = Tee) ™ + (0) (s1 = Tee) ™ Ter [ W(s) 0.4 ]
-1 -1 —~1
X (I— (sI = Tog)  Tos [ U(s) 040 D (sI-Tog) , (26)
and for x > 0,
awLe(z;s) = [ a@Le(T:8)+  awLle(T;8) - awmLli(w;s) ] (27)

13
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with

[ a@Le(T;8)+ a0 Li(; 8) - }

= awLp($)Tose | (€ w(s)(C ) ] (28)
a(o>£f(17§ 3)0
= [ a@Le(7;8) 1 aoLi(;s)- } To(sI — Too) " (29)

Proof. The result follows from Lemma 2 by letting R = 1.

3. Stationary Analysis of SFMs with Upward Jumps and Phase Transi-

tions

Consider the stochastic fluid model (SFM) {(X (¢), J(¢)) : t > 0} with thresholds gn >
...>q >0, gy = 0, level variable X (¢) > 0, phase variable J(¢) € S, generator T, and
real rates c;(y) € R, as defined in the Introduction.

Recall that we assume that the transitions at the time the process hits level X (¢) = 0
occur according to probability matrices P, n =0,1..., N.

» So, whenever a transition occurs to some j € S_ U Sy with probability according to

P(,qoe) = [PZ-(fO)]ie& jeso» the process remains at the level gy = 0 for some time until a
transition to some k£ € S occurs at a rate according to Te . = [T}j]ics, jes, -

» However, if a transition occurs to some j € S, with probability according to P(_qﬁ)r) =
[}Z(JQO)]Z»G& jes, » the process reflects from the boundary gy = 0 and the level begins to
increase.

« Similarly, whenever a transition occurs to some j € Sy and level ¢, > 0 according to
P(_”O) = [Pi(f(’)]ies_ jese>» = 1,..., N, the process jumps to level ¢,, and then remains
at level ¢,, for some time until a transition to some £ € S, U S_ occurs at a rate
according to To+ = [Tij]ics,,jes, us_ -

« If a transition occurs to some j € S_ U S, and level ¢, > 0 according to P(,ql) =
[Pi(f")]iesweg Lus_,n = 1,..., N, the process jumps to level ¢, and instantenously

leaves it, with the level increasing if the transition was to j € S, or decreasing if the
transition wasto j € S_.

Next, we are interested in the derivation of the stationary and transient probabilities of
observing levels ¢,, n = 0,1,..., N, and the stationary and transient probability densities
of observing levels x > 0.

For notational convenience, we introduce the following quantities, which will be used

14
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in our analysis. Let pl) — [Pi(f”)] jes s P@g) = [PZ(]%)LGS JES0s P(_q@) = [P,(] )]zes,,jese,

and P = [P")], s .cs.. Define P (s) = [PY)(s)];jes. and P")(s) =

1] )
[PY")(s)]ies_ jes. » such that
P (s) = P4 P (sRy — Too) 'y, (30)
P (s) = PU 4 P (sRy — Too) 'Toy, €2)
and denote P“") = P'")(0) and P'}) = P'")(0). Also, let
P = P P(—To) T, (32)

and C. = diag(¢;)ies,us. = diag(C4,C_). Here, (sRy — Too) ™' = [, e(Too—sRo)t ¢ g
the LST of the total reward/cost accumulated during the time spent in the set Sy, which is
accumulating at rate r ().
Fort > 0,z > 0, let P(t,z) = [Pj(t,x)]jes, f(t,x) = [f;(t,x)];es be probability

vectors such that,

Pt z) = P(X(¢) <z, J(t) =J),

OP;(t,z)
filto) = =5

and let p(O(t) = [pgo) (t)]jes be such that

p (1) = P(X(t)=0,J(t) = j)
and for ¢, > 0, let p(™(t) = [p§-") (t)]jes, be such that

P (1) = PX(H) = g, /() = j).

Note that if P(_%@) 1 = 0, then p¥)(¢) = 0, since then the probability at level zero may not
accumulate due to the instantaneous jump to some level g, > 0 at the moment of hitting 0
from above. Similarly, if P\ 1 =0, then p™(t) = 0.

Let w = [m;]jes be the stationary distribution of the Markov chain {J(¢) : ¢ > 0}.
Define probability vectors F(z) = [F;(2)]jes, P(x) = [Pj(x)];es, and w(z) = [7j(x)]jes,
such that

Fi(z) = P(X > =, J—j)—hm]P’(X(t) x, J(t) = j) = m; — lim P;(t, x),

t—o00

Pi(z) = P(X <z,J=j)= hm ]P’(X(t) x, J(t)=j) = hrnP(t x),
f@) = Spa) = Jim ft,2)

and let p© = [pgo)]]ese = lim;_,, p¥(¢) and p™ = [p§n)]j€50 = lim;_,,, p™(t) for
n=1,...,N.

15
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3.1. Key quantities

In this section, we summarise the expressions for some key building blocks that we use
in our stationary as well as transient analysis. For any 0 < x < y let H®@)(s) and
G ®@Y)(s) be matrices such that [H®@¥)(s)];; is the LST of the distribution of the total
reward/cost at the time the process hits level y and do so in phase j before a visit to level
zero, given start from level  in phase 4; and [GU9(@¥)(s)],; is the LST of the distribution of
the total reward/cost at the time the process hits level zero and do so in phase j before a visit
to level y, given start from level = in phase <.

The expression for H®@¥)(s) and GH) (@) (), partitioned according to S, U S_S; as

R)(x,
O++ GS__)( v) (5)

R)(x, _
et y)(s) - o G(_R_)(”"’y)(s)

;. HBEY) (5) =

?

R)(x,
HYY (5) 0,
HPEY (5) 0o__

follow by arguments analogous to Bean, O’Reilly and Taylor [8] and the the physical inter-
pretation of the fluid generator W(s) described in [5, 27], with

R)(x, R)(x,
0., GP@ ) HP" () o _
0_, GWEV ) HPEY (g o__

I HRW(5) ]
_ (R)(x) (R)(y—=) 5
[G (s) H (S)] G (s) I ] (33)
where
i (R)
(R) W (5)+W_ i (s) W (s) )y
GR(g — | O ¥ (S)€< )
(W W T )y ’
O_+ e
[ (V@B ) o
HPW(5) = € . |,
= () (Wi W B @) ) o
and
I HOO) (5) |
1 G (s) I
(I —HBOW (5)GHW) () —HBW) (5)(1 - GPW (s HPW) (5)) 1
T | GBI ()1 — HPW (5)GR) (5)) ! (1 — GRS HBW) (5))-1 ’
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Denote H(x,y) = H®W@Y)(0) and G(z,y) = G @Y (0) when R = 1, partitioned accord-
ingto S, US_S,,

Hii(2,y) O4-
H_+(I7y) 0__

O+ Gy (z,y)

G(x,y) B O—+ G__(ZL‘,y>

, H(z,y) =

For any 0 < x < ¢ let Nl(q, z) and N9/(0, ) be matrices such that [NI9(q, z)];; is the
expected number of visits to level x and doing so in phase j before a visit to level g or level
zero, given start from level g in phase 7; and [Nl (0, z)],; is the expected number of visits to
level x and doing so in phase j before a visit to level ¢ or level zero, given start from level
0 in phase 7.

The expression for N9 (¢, ) and NI9(0, 2) follow by Bean, O’Reilly and Sargison [7],
with

—1
N (0,2) N (0,2) B I Ko ke Ko
N[:]]Jr(q,x) N[iﬂ_(q,x) B = | el ’

where by
1 Al [ 0-AB)! —A(I-BA)!
B 1 | = BO—AB)"! (I—BA)!
[ a-aB' —1-AB)!
| —@—-BA)'B  (I-BA)!
we have,
-1
I Ko B (I — eXapelizE)—! —(I— eXpelim) ek
JiZ 1 B —(I — el1ZekKap)~LleliE (I — eliZeKap)—! ’
which gives,
N[ﬂr(o, z) = (I—eXpelim)~1(eKe — Kagelli-o)m),
N9 (0,2) = (I-KWeZ) (KW — Kigella)),
N (q,2) = (I-"BeXT) L (—M1BeKe 4 Ja)g),
N (q2) = (1-"EefW) " (—eige qul+eJ<q 2). (34)
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3.2. Embedded Markov chain #0: conditioning on visiting level q,

To derive the stationary distribution of the SFM {(X (¢), J(¢)) : t > 0}, it is convenient
to consider a discrete-time Markov chain (labelled #0) observed at the times the process visits
level gy. The stationary probability of such chain records proportion of times the SFM is in
various phases in S_ when visiting levels gyo. The key idea here is to derive the stationary
distribution of such Markov chain and then use it to write the expressions for the stationary
distribution of our SFM.

So, consider a discrete-time Markov chain {(@8 1w =0,1,...} with state space S_
observed at the times when the SFM {(X(t), J(t)) : ¢t > 0} visits level go. Let £€¥ =

[550)} , £Zg0) = limy, IP’(¢$ ) = i), be the stationary distribution vector of this chain,
€S-
which is the unique solution of
O = ¢9, (35)
91 = 1, (36)
where
N
P = q() \I’—FZ( Qn) _|_PQn)1];,> (Q——+Q—+‘I’)qn. (37)

Denote b, = ¢,+1 — g, forn=0,1,..., N — 1.
Theorem 1. We have,
0 e | = el (T (38)
and for n > 0,
py” = BEURE (~To) (39)

Further, for x € (¢n,qns1), n=0,1...,N — 1, and x > qn, we have

7 (z) = peY (I_’(qi)e'(

Y (PUH (g q0) + P ) By (g 2) (- OH(2,2))

qn:0<gn <z

+ Y ( (@) 4 pl )\Il) eD(q""”)H+(x,$)(1—‘I’H+(fv71?))_1>(c+)17

dn:qn>T

18
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and
m_(z) = pe° ( P Ky
+ > (PSJK)H <Qn7Qn)+P(qn)>H++(Qn7 7)(I—WH_(2,7))"' ¥
qn:0<qn<zx
+ 30 (P4 PO ) P (1 H ) >1><|c_|>-1, (41)
qn:qn>T
and

mo(z) = [ ro(z) m_(z) ] Too(1 — Too) . 42)
The normalising constant [3 is given by,

6:{5(_0)P(_q°9) (~Too) 1o+ > €YP) (~To) "1

n:0<gn

+sq°< PU(K) [ (C) w(e ) ]

1 Z ( Qn)H qn qn)+P(qn)> (I—\IIH7+(qn7Qn))_1

(K7 (€ w(e) |
+ D ( S qn)“’) (1= H_(gn,3.)®) " (1 - " Eef @)

Gn:qn>0

X [ —TEK) (R —T) ([, e"dz) ] [ ; \f ] )

—1
(1 + Teo(~Too) 1) } . (43)

Proof. Denote 7 _(q; ) = lim,,, w_ (). We apply standard level-crossing arguments in the
decomposition of sample paths of our SFM. First, by the uniqueness of £ © and by noticing
that 7r_ (¢")|C_| is a solution of (35), it follows that 7 (¢7)|C_| = 8€"” for some constant
£ > 0. Next, (38)-(39) follow, since for the process to be observed with some probability
at level qq in some phase in S_ U &y, it must visit level ¢g, then transition to some phase in

S_ U Sy, and then remain at level ¢ for some time, according to
(00 B ] = m I x P (T = GO (r)
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while for the process to be observed with some probability at level ¢, > 0 in some phase in
S, it must visit level ¢q, then jump to level g, and then remain at level ¢ for some time,

according to

i’ = o (a))Co| x Py x (~Too) ™ = SEVRY (Too) . (44)

Next, (40) follows since for the process to be observed at level x > 0 in some phase in
S, with probability density 7 (z), it must visit level go, and then
* reflect from it and then visit level = in some phase in S, any number of times without
visiting level zero (according to the first line in (40)), or
* jump to some level ¢, < z, and then visit level = any number of times without visiting
level zero (according to the second line in (40)), or
* jump to some level g, > x, and then visit level = any number of times without visiting
level zero (according to the third line in (40)).
We obtain (41) by a similar conditioning .

Further, rewriting the terms in 7r (x) and 7v_(x) in an equivalent form,
o (2) = 6E© (p@ogeK

£ (PR () + PY) (1 FH (g ga)) ™ K

qn:0<gn<zx

£y (PP <1—H+<qn,qn>w>—1N[fﬂ<qn,x>><c+>1,<45>

dn:qn>T

and
w_(x) zﬁé(_o) (I_’(_qi) K

+ ) (P(_qi)H#(qn, n) + P(_"i)) (L= WH_, (g, )" X)W

qn:0<gn<x
30 (P P) (- (0 0) %) N g, >> (-7, @6)
qn:qn>T
and integrating
/_0 eXdr = (K)™* [eKI];o:O = (-K)™, (47)
/ Ko=) dy = / Kdr = (-K) 7, (48)
T=qn x=0
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/qn N[q"](qn7 r)dr = (I — elinZekrg)~! (—eJq”E(K)l(eK‘]” —1I) + </qn 6sz2> E) )
=0 2=0 )
/qn N[q"](qn, r)dr = (I — linZeKmg)~! (—eJq"E(K)_l(eKq" —-¥ + (/qn eJZdz)) ,
=0 2=0 (50
results in the expression for .

Remark 4. Since i < 0, it follows by Da Silva Soares [12, Theorem 3.7.2] that the matrix J
is singular. The integral fzqzo e¥?dz can be computed using the method in [12, Lemma 3.7.3],
with
q —
/0 edz = [Je" + zvu] i;g = J' (e’ — 1) + gvu,

where J* is the solution to

JJ = I—vu,
Jv = 0,

and u, v are the left/right eigenvectors of J for the eigenvalue 0 normalised with uv = 1,
ul = 1.

Below, we state the result for the model studied by Kulkarni and Yan in [19], which is a
special case of the model considered here.

Corollary 4. Suppose Pl)1 = 0 and N = 1. Denote q¢ = qy. Then,

p[(]l) — 658}1)1)811) (_TOO)_l ,

and for v € (0,q,) and © > q1, we have

() =5s<_0><1{q <o} (PU2H_ (g1, 00) + PY) B gy, 0) (L PHL (r,2))
+1{q1>x}< (a) +P(‘“)\Il) POIH_ (7, 2) (I—\IIH+(95,$))_1>(C+)1,

m() =B£(_°)<1{q <o} (PUH () + PY) B () (L PHL (,0) '
+1{q1>x}< (a) +P(q1)\Il) (1) (I—H+(x,x)\Il)_1>(\C])1
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o(x) = [ 7o (1) 7 () } Too(1 — Too) L.

where
- {6(_0)1)((;]1) (—Too) " 1g
+ 5(_[10) < (13(—ql—)Hf+(Q1, Q) + P(—i)) (I—YH_(q1, Q1))_1
(~K)™ | (€)™ w(c ) |
+ <l_’(_ql_) + 13(_‘132\Il> I—H_ (q,q)®) " (I - 12k w)~!
I v
X [ —eINE(K) ek 1) ([T e’ dz) } [ = 1 ] )
-1
(1s + Tao(~Too) 1) } .
and

P — (PO 4P )

3.3. Embedded Markov chain #1: conditioning on visiting levels q,

We also consider a discrete-time Markov chain (labelled #1) observed at the times the
process visits one of the levels ¢,, n = 0,1, ..., N. Such visits may occur due to jumps to
levels ¢,, > 0, or due to the fluid level increasing or decreasing in some phase in S, US_. The
stationary probability of such chain records proportion of times the SFM visits levels ¢,,, and
does so in some phase in S_ when visiting level ¢, or in some phase in S, US_ US, when
visiting level ¢, forn = 1,..., N. We derive the stationary distribution of such Markov
chain and then use it to write the expressions for the stationary distribution of our SFM.

So, consider a discrete-time Markov chain {(Yt(l), @8)) cw = 0,1,...} with state
space ({0} x S_) U ({1,..., N} x (S US_US))) observed at the times when the SFM
{(X(t),J(t)) : t > 0} visits one of the levels ¢,, n = 0,1,..., N.

Let & = [s&‘m), g ,§<qw>], with £(®) = [ g gl gl | partitioned ac-
cordingto S = S, US_USy forn = 1,..., N, be the stationary distribution vector of
this chain such that [£%)]; = lim,_, IP’(YUSD = qo, 0% = i) fori € S_ and [¢(7)], =

limy o0 P(YiY = g, o) = i) fori € S, n > 0.
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Vector £ is the unique solution of
P = &, (51)
&1 = 1, (52)

where P = [P[q"’q'"]} « 18 the corresponding one-step transition probability matrix,

n,m=0,1,...,
such that P[qn,qm] = [Pi[]('lmqm]]i,jeSe Pi[;.ln’qm] = P(Yu(li-)l = qmawg—)i-l = j | Yu(,l) = qmspg) =
We partition € accordingto S = S, US_ U Sy, so that
g = e g g |, (53)
and write explicit expressions for the blocks in P, resulting in
P[QO,(IO] = I_)Sqi)G+— (07 q1 — q0)a
plol — [ PUH. (0., —qo) + PO PO P |
and
[ 0, G, (0,2 —q1) 0.0
plaval — H_ (g1 — 9,01 — @) 0__ 0, |,
| (=To0) '"To-H_(q1 — g0, 1 — @) (—To0) ' To+:G+—(0,q2 — q1) Ogo
H;1(0,g2 — q1) 0, 04
ploe] — 0_, 0 0, |,
| (—Too) " Tor Hi4(0,g2 —q1) 00— 0o
[ 0,
planao) — G__ (1 — 9,91 — 9) ;
i (=To0) ' To-G__(q1 — qo, ¢1 — qo)

and for ¢; < ¢, < qu,

P[QOﬂn] — P(Qn) P(_qz) P(Qn)

—+ —0 )
[ 0+ G, (0,qns1 — qn) 0.0
P[qmqn] = H—+(Qn —Aqn-1,qn — qn—l) 0__ 0, )
| (=Too) " To-H_4(¢n — @n-1,%n — Gn-1) (=To0) " To+G+-(0, Gns1 — ¢n) Ooo
[ H, (0,041 — Gn) 0,- 040
Planan+1] — 0_. 0 0, |,
| (= Too) ' TorHy 4 (0,gn1 — Gn) 00— 0o
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0++
P[Qn,qn—l] — 0_+

0, 0.
G-—(Qn —Aqn—1,49n — Qn—l) 0_0 )

00+ (—Too) 'To-G-—(¢n — n-1,9n — Gn-1) Oco

and for gy > q1,

Y

0.0
0

[ 0., v
plavavl — H_ (¢v —qv-1,9v — qn-1) 0__
| (=Too) "To-H_1(qn — qn—1,qv — qn-1) (=To0) 'Tor ¥ 0qp
[0, 0, 040
Plav.an—1]  — 0 G _ _ 0
—+ —(av —av-1,qv — qn-1) -0
| 0o (—Too) 'To—G__(qnv — qn—1,9n — qn—-1) Ogo

and Plm9m] = 0 otherwise.

Denote 7T+(q1j,_> - 1imZ\L‘In 7r+('r>7 Tr—(q';> - liszQn Tr_('r)'

Theorem 2. We have,

further, for n > 0,

|

p(_o) P(()O)} - ag(—qO)P(—qOe)(_T@e)_la

m(af) = €U

= 045(() ") <—Too)_1 s
= Oéfgrn)(CJr)_l + aﬁ(() n) (—Too)f1 Toy (Cy) ",
= ag(|C_ )7+ agl™ (= Top) ' To_(|C_) 7Y

forz € (qn,qns1), n=0,1,... ,N —1,

() =m 4 (g))CNY (0,2 — g,)(Cy) !

— by _
(g )IC N gy — g — ga)(C) 7Y,

7_(2) =4 (¢;)CNY (0,2 — ) (|C_]) 7!

for x > q,

24

+ 7 (@) |C- N (Gt — gyt — 42)(JC_]) 7Y

mi(r) = mi(gh)Cye T (Cy) T

m_(z) = m(r)CLE(|C_|)7

Y

(34)
(55)

(56)
(57)
(58)

(59)

(60)

(61)
(62)
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and for all x € (qn, qny1), n=0,1,...,N — land x > qy,
mo(z) = [ () m_(x) ] Too(—To) ™ (63)

where « is a normalising constant given by
o= {g(_%)])(_qg) (—Toe) s + Z&O ") (=Too)”
| gpla) | Ny gyda(CL)t [P NP (0,2 — go)dw(|C_|)!
s i r—go N+ (s Go)axr(C z=qo ~+— y L qO) I‘(’ *|>
+ (E q) + E(th (—T )—1 T0_>
X [ gcqiqo N @1 — g0, — qo)dx(Cy) ™! mqiqo N[fb(ﬂ(‘h — 4o, — qo)d(|C_[) ™ }
N—
. z (€0 +€f) (- Too) ™ W0 )
y [ Jo N0, — g, )da(€) [ N (0,2 — g )dr(|C_|) |
S g )
X |: f‘In+1 N[bn] Qn+1 qn’ T — dx (:+ fq"‘*'l N[b" qn+1 — Q7u — qn)dx(‘C,D_l :|
+ ( ) 4 g™ (= Top) ™! T0+)

x(-K) e 1 (o)) ])

-1
X (li + Tio(—Too)fllo) } )
and for all n, denoting ¢ = q,+1 — Qn,

dn+1 b
/ N[Jriﬂ((),x — qn)dz

=qn

a
= (I-KpelimE)—! ((K)_l(eKq —1) — & (/ eJZdz) E) :
z=0
dn+1 b
/ NEFTL} (0,2 — g,)dx

=qn
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)
/ N—l (QnJrl Qn, T — Qn)dx

=Aqn

q
= (I- 18Xt (—eJqE(K)l(eK" —I) + < / erdz> E> :
2=0
el
/ N—n— (QnJrl —qn, T — Qn)dx

=qn

q
= (I-eMBeMp)t (—e‘]qE(K)_l(eK" -D¥ + (/ e"%lz)) :
z=0

Proof. The first three equations follow by conditioning similar to Theorem 1. Next, (57)
follows since there are two alternative ways for the process to leave level ¢, > 0 in some
phase in S,
* by a visit to level ¢,, from below in some phase in S, (the first term in (57)), or
* by a visit to level ¢, in some phase in §; (immediately after a jump to level zero),
followed by a transition to some phase in S, after spending some time on level g, (the
second term in (57)).
We obtain (58) by a symmetrical argument.
Further, (59) follows by conditioning on the last visit to ¢, or ¢, 1, since for the process
to be observed at level = € (¢, gni1),
* it must either leave level g, in some phase in S and then visit x any number of times,
ending in some phase in S, (the first term in (59)), or
* leave level ¢, 1 in some phase in S_ and then visit x any number of times, ending in
some phase in S, (the second term in (59)).
Then, (60) follows by a similar conditioning.

Next, «v is a normalising constant which guarantees that

3 p("l—i- S /%H D)del = 1. (64)

n=0,1,..., n=0,1,...,

Denoting ¢ = ¢,+1 — qn, by (34) we have,

dn+1 b
/ N[#L](O, T — qp)dx

. =Aqn
/ N[f]+ (0, z)dx
=0

q
/ (I — eXIWelim) ~1 (Ko — Kapel 123 dy
=0

q
= (I —eXMwpeliE) ! ((K)l(eKq —1) — Mo </ erdz> E)
z=0

26



Queueing Models and Service Management

and
]
/ N—i (qn+1 —Gn, T — Qn)dx
;‘In
= / N[fL(q,x)dx
=0
q
= / (I — 1ZeKw) 1 (—eimeke 1 223 dy
x=0
q
= (1- "2 W) ( MEK) (X -T1) + ( / JZdz) E) :
z=0
since
q
[ e = = 0 (@),
and with z = ¢ — z, dz = —dz, we get
q 0 q
/ A gy = / —eVdz = / ¥ dz.
=0 z=q z=0
Expressions for fq”“ N "](qn+1 Gn, T — ¢y )dx and fq”“ N }(qnﬂ Gn, T — @ )dx

follow in an analogous manner.
3.4. Embedded Markov chain #2: conditioning on leaving levels q,

It is also of interest to consider a discrete-time Markov chain (labelled #2) observed at
the times the process leaves one of the levels ¢,, n = 0,1,..., N, due to the fluid level
increasing or decreasing in some phase in S, US_. The stationary probability of such chain
records proportion of times the SFM leaves levels ¢,,, and does so in some phase in S when
leaving level ¢, or in some phase in §; US_ when leaving level ¢, forn=1,..., N.

So, consider a discrete-time Markov chain {( 2 o2 )) cw =0,1,...} with state space
({0} x Sy)U({L,..., N} x (S§; US_)) observed at the times when the SEFM { (X (), J(¢)) :
t > 0} leaves one of the levels ¢,, n = 0,1,..., N.

Let & = [€.(00),€(@). - &x(an)], with €.(0:) = | &4(0:) €(q) | parti
tioned according to S, U S_ for n > 0, be the stationary distribution vector of this chain
such that [€, (qo)], = limy o PV = qo, 02 = i) fori € S, and &i(an)], =
limuy o P(Yis? = g, &) = i) fori € S, US_, n > 0.

Vector £, is the unique solution of

EiPii = £:|:7 (65)
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&1 = 1, (66)

where P, = [P[q"’q’"]} is the corresponding one-step transition probability ma-
n,m=0,1,....N

trix, such that Pyl = [P, iog, Pl = (V)| = gu,o), = 5| VP =

2 .
Qn, QOSU) - Z)'
We write explicit expressions for the blocks in P, resulting in

P[ﬁéqo] = G+*<07QI - QU)P(—qi) 0, } )
Pl = H++(07 @1 —qo) + G4 (0,q1 — QO)P(qi) G, (0,q1 — QO)P(—ql—) ;

P[ilhi,qo] _ 0, B
G__(1—q0,q1 — CIO)P(EF)O——

P[ilhi,!h] _ 0++
H_ (1 — 90,01 — @) + G_—(q1 — qo, @1 — qo) P

Ha < an}G-(0,02 — o) + H{qn = qn} ] '

(q1)

G__ (g1 —qo,q1 — QO)P(Ql)

P[Ql,qzl H, (07 g2 — QI) 0, _
G__(¢n — o1 — CJO)P(,{'? G__(¢1—qo,q1 — qo)P(fi)

and for ¢; < ¢, < qu,

P[‘Im%} — G (0 G — qO)P(Qn) G+_ <07 G — qo)i)(_qi) i| ,
P[Qn Qn} — 0++ G+— (07 dn — Qn—l)
L H—-‘r(qn —Gn—1,9n — Qn—l) 0__
P[QnﬂnJrﬂ _ H++(07 Qn—i-l - Qn) 0+— ]
++ - )
0_, 0__
P[%L#]n 1} — 0++ 0+— .
0 G (g — Gn—1,Gn — Gu-1)

and for qn > ¢,

P[fl,tm] _ 0, v
i H_ (v —qn-1,q8v — qn-1) 0__

P[ﬂzzjv:,qul] 0, 0, )
i 0_. G__(gv —qn-1)
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and P17 = 0 otherwise.

We now consider the case with no probability masses at levels ¢,, n = 0,1, ..., V.

Theorem 3. Suppose P(_qg)l = 0 foralln > 0. Then,
m(g0) = o€ (q)(Cs)7, (67)
and forn=1,..., N,
| melah) m() | = agla(cs) (68)
For z € (qn, qni1) for somen =0,... ;N —1,

7 (r) = wi(gf)CiNy (0,2 —g,)(Cy)™

+ 7 (g5 1)|CoIN_ (Gns1 — G @ — Ga)(C) (69)
For z > qn,
m(r) = mi(gh)CpeT(Cy) T (70)
Forall x > 0,
T (1) = m(2)C (C|)7, (71)
mo(e) = | mele) w(2) | Taol~Too) (72

The normalising constant is given by

) :{ (Z [ (6 aieNtos - a)c)
n=0 v ¥=dn

€ () IC N (gt — guw — qa)(C) 1) + w+<qN>c+<—K>—1>

X (1+ +CLT(|C_) M+ [ I, C.¥(C_|) }Tio(—TOO)—HO)dx} .

(73)

with w4 (q,) = [ 7 (qn) 7™_(qn) ], is a solution of (65). Equation (69) follows by con-
ditioning of the process leaving level ¢, in some phase in S or ¢, 1 in some phase in S_.
Equations (70)-(72) follow similarly to Lemma 1.
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Next,

1 :/ 7 (x)dzrl
=0
qn+1 [ } 1
= Z/ Qn C+N++(O Qn)(CJr)i
€ N g~ 0)(C) ™) da
+/ 7"+(QN)C+€K(I_QN)(C+)_1dx>
e=qn

(L +Cu(C )™M+ [ L Co(C )™ | Tao(~Too) 1)

=@<Z_ [ (N0 - g

=qn

€ (n)|CIN"N (g1 = g w — 4)(C) ) do + s+<qN><—K>-1<c+>-1)

(1w )™M+ [ L Cop(IC]) ™ | Tao(~To) o)

and the expression for « follows by the above.

4. Transient Analysis of SFMs with Upward Jumps and Phase Transi-
tions

Suppose that the process starts from some level X (0) = z > 0 in some phase J(0) =
i € S according to the initial distribution vector a(z) = [a;(2)]ies, With a;(2) = P(J(0) =
i| X(0) = 2).

Consider the LSTs a(z>£((]f)(s), n=20,1,..., N, such that

o0

a0, = [ Bl HOLX 0 = g IO = i

t=0
is the LST of the total reward/cost accumulated when observing the process at level ¢, in
phase j, given the initial distribution; and the LSTs o.,L,, (s) such that

L) = / e oo™ (1)t
t

=0
[aoP™ (1], = a@P(X(t) = ga, J(t) = ).
Also, consider the LSTs a<z>£§R) (x; s) for x > 0, such that

et @in)] = [ B X0 = 2,90 = i)t

J =0
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is the LST of the total reward/cost accumulated when observing the process at level x in
some phase in S, given the initial distribution; and the LSTs ., L¢(x; s) for z > 0, defined

as

aiLi(7; 5) :/ e oo f(t, x)dt :/ e ™ [ a6, 7) 4 apft, ) awflt, 7)o ] dt,
t t

=0 =0

ol ), = BOX(E) < 2, (1) = ).

Below we derive the results for a(z)ﬁqf)(s) and a(z)EER) (x;s). We note that if r; = 1
forall i € S, then o,,L,,(S) = ac- )Eqn (s) and o\ Li(x;s) = a(z>£§R)(x; s), and so the
expressions for 4., Ly, (s) and o.,L¢(x; s) follow by letting R = L.

Denote
P(R)( ) = P(qo)< )‘I’(R)(S)

__(s _4(s ‘I](R) s) | qn
+Z< q1>(3)11,<3>(3)) 6(w W T (0)a o

recording the LSTs of the reward/cost accumulated during paths contributing to P__ =
P (0 (0) defined in (37), and the LSTs of the time corresponding to these paths in the case if
r; = 1foralli € S.

Further, let

d+(8) = a+(z) + ao(Z)(SRQ — Too)_1T0+,

a_(s) = a_(2)+ag(2)(sRy— Ty) 'To_.
Theorem 4. Assume that x (sRy — Tog) < 0. For x € (¢, qus1), n=10,1...,N — 1, and
x > qn, we have

-1

e £ (@;5)4 = { (@ ()T (s) + @ (s)) 0= (1 P (s))

X (P(_qi)(s)eK(R)(s)x

pldn R)(qn,qn pldn
+ Y (PH () + PO ()

qn:0<gn<x

B (5) (1= WP (5 H(s) )
+ Z <P(Qn P(Qn)( )‘I’(R)<S)>

qn:qn>T

-1
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-1
€D<R>(s)(qn—x)H(_RJ2(r7w)(8) (I _ \I,(R)(S)H(_RJZ(W)(S)) )

+1{z < 2} (@ ()2 P (s) + & (5))
-1
6D(R>(S)(Z_I)H(_R_£(I’x) (S) (I _ \I/(R) (S)H(_R_Q(I’x) (S))

+1{z > 2} (d+(5) + d,(s)H(_RJz(Z’Z)(s))

B () (1= w0 () (5)) }<c+>—1, (75)

and

X (P@f(s)eK<R)(s)xlIl(R)(s)

D n R nH4dn D n
Y (PR () 4 P (s))

gn:0<qn<z

—1
B (5) (1= 0D (RO (s)) 9 (s)

+ 0 (P(s) + P () B (s) )

qn:qn>T

—1

+ 1 < 2} ((X+(s)\II(R)(S) + d_(s)>
P (5)(z—2) (] - H(_I?(m’x)(s)ql(m(s» )

+1{z >z} (d+(s) + d_(s)H(_F?(Z’Z)(s))

B () (1 w0 (s R (5)) w<R><s>}<|c_|>—1, (76)

and

a<z>£§R)($§ slo = [ a<z>£§R)($§5)+ a<z>£§R)($§ s)- ]TiO(SRO - TOO)_l- (77)
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Further, ifP(_qoe)l #£ 0, then pO)(t) # 0 exists and

R -1 0 —
ar £0(s) = (@ ()8 (s) + @ (5)) 7O (1= PU(5)) PO (R — Te)
(78)

and, if P(_qg)l # 0, then p™ (t) # 0 exists and

—1
ar £ () = (e ()20 (s) + @ (5)) O (1= PU(s)) P (sRy — Too) "
(79)

Proof. The result follows by the usual level-crossing arguments, similar to Theorem 1. The
first four lines in (75) correspond to the conditioning that in order to observe the process at
level z at time ¢ in some phase in S, the process may visit level zero before visiting level x.
To do so, the fluid must first drain to level zero and then visit level zero again any number
of times (first line in (75)). Next, one of the three alternatives may occur.

* The process may reflect from level zero and then visit level x (second line in (75)).

* The process may jump to some level ¢, < x and then visit level = (third line in (75)).

* The process may jump to some level ¢,, > x and then visit level z (fourth line in (75)).
The last two lines in (75) follow by conditioning that the process may visit level x without
visiting level zero. Expression (76) follows by analogous arguments.

Expression (78) follows by conditioning that in order to observe the process at level zero
in some phase in S_ U Sy with some probability at time ¢, the process must drain from level
zero, then transition to some phase in S_ U S, and then remain at level zero for some time.

Expression (79) follows by conditioning that in order to observe the process at level
¢n» > 0 in some phase in Sy with some probability at time ¢, the process must drain from
level zero, then jump to level g, in some phase in Sy, and then remain at level ¢,, for some
time.

We also state the result for the model studied by Kulkarni and Yan in [19], as a special
case of the model considered here.

Corollary 5. Suppose P91 = 0 and N = 1. Denote q = qy. Assume that x (sRy — Tgg) <
0.
Then, for x > 0,

-1

a(z)ﬁi('R)(x; )4 = { <@+(5)‘I’(R)(5) + d—(s)) P )2 (I — P(_R_)(S))
x (1{% <} (PG R s) 4 P(s))

33



© Margolius, O Reilly

—1
B0 () (1= 0 ()R (5))

1 > 2} (P9 () + B2 ()
-1
PP @) gE@a) (o) (1 - \IﬂR)(s)H(_Rﬁ(*"”)(s)) )

Y 1{z <z} <d+(s)\Il(R)(s) n a,(3)>
—1
eD(R)(s)(z—x)HgRJz(x,x)(s) (I _ ‘I,(R)(S)HSRJz(x,x)(s)>

+1{z > 2} (m(s) + &,(S)H(_I?(Z’Z)(SD

R)(z,x R)(z,x -1 —
B (s) (1 2P (5 (s)) }<c+> g

x (1{q1 <} (P9 ()Y (5) 1 P (5))

-1
B (s) (1 O (s (s)) 0 (s)

+1{q > 7} (13819(5) + P@f(s)\y@)(s))

eD(R)(S)(ql—a:) (I N H(_f?(x,x)(s)\I/(R)(S)> -1 >

-1
LAOIC) (1 _ Hg@<x7x>(s)¢<a><s)>

+1{z > 2} (d+(s) + d_(s)H(_I?(Z’Z)(s)>

HYE(s) (1 w<R><s>HﬁRﬁ<w””><s>)‘l \P<R><s>}<|cw>1,

and

a<z>£§R)($§3)0 = [a<Z>£§R)($§5)+ a(ﬂﬁﬁm(ﬂﬂ;s)f TiO(SRO—TOO)_1>
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PY(s)

5. Examples

Example 1. Assume S = {1, 2, 3,

—3, 0], such that

Queueing Models and Service Management

4,56}, |84 = 3,1S_| = 2, 80| = 1, [e4]

(P1(s) + PUL(5) W (5) ) P,

:[17 27 37 _47

[ 6 1 1 4 0 ]
1 -12 1 4 1
|1 1 -1z 1
08 0.8 08 —64 32 0.8
08 0.8 1,6 32 -72 0.8
11 1 32 4 —102
and N = 2, q; = 2, o = 3, with P@)1 = (1/2)1, P41 = (1/3)1, P(@)1 = (1/6)1, such

that [P(®©)];; = (1/2)(1/6), [P)];; = (1/3)(1/6), [P142)],; = (1/6)(1/6) for all i, j.
We apply results in Section 3 to evaluate the stationary distribution of the process. This

o “”}

) _

o

gives

[0.0394 0.0375 0.0145

0.0056,
0.0028,

52 = pO1 = 0.0914,

with the probability of observing level zero equal to P(X = 0) =
and the probability of observing levels above zero equal to P(X > 0) =
1 — p®1 = 0.9086. The plot of the densities ;(x) is displayed in Figure 3.
The stationary distributions S(_O), £ = [E(_qO), g ,E(qN)] ,and &, = [£+(q0), & (q),
€4 (q N)] of Markov chains #0, #1, and #2, recording proportions of visits to phases in S_
when visiting level qq; proportion of visits to levels g,,; and proportion of times the process
leaves levels g, ; respectively, are

¢ [ 0.6131 0.3869 ] ,

and
2|

gl = [ 0.2603 0.1643 } , — 0.4246,
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[ (@) glo) - gla) } :[0.0383 0.0394 0.0543 0.1510 0.1060 0.0236},
¢@)1 =0.4126,
[55?” g gl } :[0.0179 0.0184 0.0256 0.0513 0.0378 0.0118},

£@)] = 0.1628,

and
€. (q0) =] 0.0893 0.0803 0.1058 |, &, (qo)1 = 0.2843,
[£+(q1) £_(q1)]:-0.0545 0.0560 0.0762 0.2065 0.1604],
€. (@)1 =0.5535,
[£+(q2) £ (g) ] — [ 0.0187 0.0190 0.0220 0.0571 0.0454],
€, (q2)1 =0.1622,
respectively.

Next, suppose the process starts from level z = 1, and

a(2) = [ai(=)es=|1/6 1/6 1/6 1/4 1/4 0.

We evaluate the distribution of the process at time ¢ using Theorem 4, and two alterna-
tive LST inversion algorithms (to verify our computations), one by Horvéth et al. [18], and
another by Den Iseger [14] as coded in Toutain et al. [28]. The results are presented in

Figures 4-5.

We note that the output p™ (¢) and 7 (z, t) for large ¢ from the transient analysis, agrees

with the output p(™ and 7(z) from the stationary analysis, as expected.
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Figure 3. Stationary distribution of the process {(X (¢), J(¢)) : ¢ > 0} in Example 1: 7 (z)
forx € (qo,q1), v € (q1,¢2), and & > ¢, Where gqo = 0, 1 = 2, g2 = 3. We observe
discontinuities in 7w(z) at levels x = ¢, ¢» due to nonzero probabilities pé”) forn = 1,2.
This occurs since the process jumps to levels ¢, in some phases in Sy, and then remains at

these levels until it transitions to some phase in S, US_.
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Figure 4. Distribution at time ¢ of the process {(X (¢), J(t)) : t > 0} in Example 1: p(™(t),
n = 0, 1,2. We observe the convergence of p(™(#) to the stationary distribution p™ for all
as expected. We have p™ () = 0 forall ¢ < z/| min{c; };cs| = 0.25, which is the minimum
time for the process to reach level ¢, (minimum time required to drain from level z to level

zero and then jump to level g,,).
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Figure 5. Distribution at time ¢ of the process {(X (¢), J(t)) : t > 0} in Example 1: f(z,t)
forx = 0.5,1.5,2.5,3.5. We observe the convergence of f(x, t) to the stationary distribution

7(x) as expected.

Example 2. Now, suppose that a reward/cost is accumulated at rates [r;] = [1,3,2,0,0,0] in
the SFM in Example 1. The stationary distribution v = [1;] of the background phase process

{J(t) : t > 0} given by
v = [ v, V_ Vg ]
- [ I m(x)dx p + [Xr_(v)de N, piM 4+ I mo(z)da } ,
here is equal to

v = [0.1506 0.0811 0.0981 0.3128 0.2767 0.0807], (80)
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and so the long run expected reward/cost rate is » . v;7; = 0.5901.
Also, note that the stationary distribution 4 = [v;] of a continuous-time Markov chain
with state space S and generator T, which is the solution of T = 0, v1 = 1, is equal to

v = | 0.1241 0.0668 0.0853 0.3564 0.3010 0.0665 | # v,

where the inequality is due to the fact that the stationary distribution of the phase process is
affected by the phase transitions at the moments of jumps in the SFM.

The distribution of the reward/cost accumulated during various sample paths of the SFM
can be evaluated by inverting the corresponding LSTs. As example, to compute the distribu-
tion of the reward/cost accumulated between two successive visits to level 0, we invert the
LST matrix P% (s). The output is presented in Figure 6.

gij(R) for i = 4,5

16

141

121

|
08 |

gij(R)

06| |

04r

A\ \
02r \

Figure 6. Distribution of the total reward/cost R accumulated between two successive visits

to level 0 in Example 1: g(R) = [g;;(R)] for ¢, 5 = 4,5 records the probability density the
total reward/cost R accumulated at the time of the visit to level 0 and doing so in phase j,
given start from level 0 in phase 7.

6. Conclusion

We have studied a stochastic fluid model (SFM) {(X (¢), J(t)) : ¢ > 0} with upward

jumps to levels ¢, > 0, n = 1,..., N, and phase transitions, at the times of visiting level
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qo = 0. We derived results for the stationary and transient analysis of the process through
the application of matrix-analytic methods (MAMs), and illustrated the application potential
of our methodology through numerical examples.

As far as the authors are aware, the process was previously analysed using various alge-
braic methods in a special case with N = 1, and without special behaviour at the boundary
qgo = 0 (which would allow the process to remain at level zero or reflect from it). We
have analysed this process using fluid generators [5, 8, 9, 27], together with condition-
ing on the evolution of the sample paths of the SFM, level-crossing arguments, and use-
ful physical interpretations, illustrating the convenient techniques available in the theory of
MAMs [15, 21].

As has been discussed in the literature [7, 19, 23], this class of models has application
potential to a wide range of problems that are of practical interest in real-world systems. For
example, the matrices that record the probabilities of phase transitions at the times of jump
can be used to model the management of systems in which we may wish to control how the
systems behave [7]. We will report related extensions and analyses in our forthcoming and

future work.
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