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Abstract: This paper is concerned with the basic theory and algorithms of multi-layer
Markov modulated fluid flow (MMFF) processes and an MAP/PH/K queue with customer
abandonment. For multi-layer MMFF processes, we review and refine the existing theory to
make it easy to understand, and to make related algorithms meticulously organized. For the
queueing system, we combine the MMFF approach and the count-server-for-phase (CSFP)
method to make it possible to analyze it, and to develop an algorithm for computing queueing
quantities related to customer abandonment, waiting times, and queue lengths. Some of the
quantities are difficult to compute through other means. For both the multi-layer MMFF
processes and the queueing system, we try to make the analysis easy to follow and the
algorithm easy to implement.

Keywords: Abandonment, impatient customers, Markov modulated fluid flow process,
Markov process, matrix-analytic methods, queueing systems.

1. Introduction

Multi-layer Markov modulated fluid flow processes, as generalizations of single-layer
MMFF processes, were introduced and investigated in the past decade. Such stochastic
processes have found applications in areas such as queueing theory and risk analysis. Yet
the full potential of such a tool is to be explored by researchers and practitioners. In this
paper, we review and refine the theory on multi-layer MMFF processes. The main subject
is the joint stationary distribution of the multi-layer MMFF process. We also apply the
theory to a queueing model with customer abandonment to demonstrate the usefulness of
multi-layer MMFF processes. The objective of the paper is to make the basic theory on
multi-layer MMFF processes more accessible, easier to understand, and convenient to
implement for researchers and practitioners.

MMFF processes are piece-wise linear stochastic processes in which the rate of fluid
change is modulated by a continuous time Markov chain (to be called the underlying
Markov chain). Consequently, the fluid level is continuous and can increase linearly,
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decrease linearly, or remain the same for exponential periods of time. Figure 1(a) plots a
sample path of a typical MMFF process. MMFF processes are different from deterministic
fluid models that have been used in various branches of queueing theory, especially in the
study of the stability of queueing networks. Multi-layer MMFF processes are MMFF
processes in which several underlying Markov chains are used to modulated the rate of fluid
change. As such, the fluid level change rate can be different for different layers of the fluid
level, which are separated by border lines. State changes of the underlying Markov chains
are regulated as the fluid level passing, reflecting, entering, or leaving border lines so as to
combine the underlying Markov chains. Figure 1(b) plots a sample path of a typical multi-
layer MMFF process with two (dashed) border lines and three layers. Multi-layer MMFF
processes are complicated stochastic processes with complicated solutions for basic
quantities such as the stationary distribution of the process. They are amenable to stochastic
systems in which key system variables/parameters are modulated by a stochastic process.
They may not be the most convenient tools for analyzing simple stochastic systems such as
the M/M/1 queue. Yet they are the power house for the investigation of complicated
stochastic systems such as queueing models, risk/insurance models, and dam models.

X(1)
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(a) A sample path of a single-layer MMFF process. (b) A sample path of a three-layer MMFF process.

Figure 1. Sample paths of MMFF processes.

The main contributions of the paper are (i) reviewing and refining the theory and
algorithm for computing the joint stationary distributions of multi-layer MMFF processes;
and (ii) putting together several ideas in applied probability and queueing theory to develop
algorithms for stochastic models arising from queueing systems and risk models.
Specifically, that includes (a) Presenting and refining the existing theory on multi-layer
MMFTF processes; (b) Developing an easy way to implement computational procedure for
the joint stationary distribution of multi-layer MMFF processes; and (c) Combining the
MMFF approach and the CSFP method to develop a relatively simple and efficient
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algorithm to analyze moderately large scale queueing systems such as the MAP/PH/K queue
with customer abandonment and a moderately large number of servers. The algorithms
presented in this paper can be useful for practitioners in their design of stochastic systems
such as call centres. The algorithms can also be useful for researchers to do numerical
experiments in their investigations of stochastic models. In addition, the queueing analysis
finds quantities related to customers abandoning the queue before reaching the head of the
waiting queue (e.g., the abandonment probability and abandonment (waiting) time),
customers abandoning the queue at the head of the waiting queue, and the queue length
distributions, which are difficult to derive.

The rest of the paper is organized as follows. In Section 2, we give a brief literature
review on multi-layer MMFF processes, and the study of queues with customer
abandonment. In Section 3, we define multi-layer MMFF processes. In Section 4, basic
quantities and their properties related to MMFF processes are collected. In Section 5, we
review and refine the theory on the joint stationary distribution of multi-layer MMFF
processes. Step by step, we develop a computational procedure for the joint stationary
distribution. In Section 6, we apply the MMFF approach to the MAP/PH/K+GI queue.
Algorithms are developed for computing a variety of queueing quantities for the queue. We
also present a few numerical examples and discuss some computation issues when the
number of servers is moderately big. Section 7 concludes the paper.

2. Literature Review

In the literature, MMFF processes are also known as fluid flow models, stochastic fluid
flows, or Markovian fluid flows. Early works on MMFF processes include Loynes [36],
Anick et al. [5], Rogers [42], and Asmussen [6], which were motivated by an application in
dam control. In those papers, MMFF processes were introduced and some basic quantities
were obtained. By using Wiener-Hopf factorization, basic matrices such as W, which
represents the state change at regenerative epochs (e.g., the fluid level returns to zero), and
Z, which represents the change of state as the fluid level reaches a new low level, were
obtained. Since MMFF processes can approach positive infinity, negative infinity, or both
(depending on the mean drift rate), they do not have stationary distributions. Nevertheless,
stationary distributions exist for their truncated version, which is known as the Markov
modulated fluid queues (MMFQs). By using time-reversed Markov processes, the joint
stationary distributions of the fluid level and the state of underlying Markov chain were
obtained for MMFQs (e.g., Rogers [42]). We shall use MMFF for MMFQ in this paper with
the understanding that stationary distributions exist under a certain restriction. MMFF
processes with a Brownian component were introduced and investigated. We do not review
works in that direction since our focus is on MMFF processes without a Brownian
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component.

Ramaswami [41] discovered a relationship between the basic quantities {¥, Z} and
the basic matrix G for quasi birth-and-death processes in matrix-analytic methods (Neuts
[39] and Latouche and Ramaswami [35]), which led to a new method for computing ¥, , in
addition to the classical method of solving a quadratic Riccati equation. Ramaswami [41]
also found a relationship between the joint stationary distribution and the crossing numbers
of the fluid level, which led to a new approach to compute the joint stationary distribution
and an application of matrix X’, another basic quantity of MMFF processes. Since then, the
study of MMFF processes attracted the attention of many researchers and a large number of
papers appeared with various applications including

1) In matrix-analytic methods: see Ramaswami [41], Ahn and Ramaswami [2, 3, 4], da
Silva Soares and Latouche [19, 20, 21, 22], and Latouche and Nguyen [34];

i1) Inrisk analysis: Ahn et al. [1], Asmussen [7], Avram and Usabel [8], and Badescu et al.
[9, 10, 11], and Badescu and Landriault [12, 13];

iii) In queueing theory: Horvath and Van Houdt [32], Van Houdt [43], and Horvath [31];
and

iv) In the theory of MMFF processes (e.g., two stage MMFF processes, first passage times,
and two dimensional MMFF processes): Bean et al. [16, 17], and Bean and O'Reilly
[14, 15].

A natural extension of (the single layer) MMFF processes are multi-layer MMFF
processes, which were introduced in da Silva Soares and Latouche [21]. In fact, that paper
considered the standard MMFF processes truncated from both above and below. The paper
extended existing results on first passage probabilities and the joint stationary distribution.
It was immediately clear from their work that multi-layer MMFF processes can be analyzed
in a similar way, although the solution process is more involved and the presentation of
results can be tedious. The main idea is to first analyze the process within individual layers
and then combine results together through the transitions related border lines. Since then,
more studies on multi-layer MMFF processes and their applications in queueing theory
followed.

* The basic theory for the analysis on multi-layer MMFF processes was established in
da Silva Soares and Latouche [21, 22], especially that are related to the joint stationary
distribution of the processes. We review their results in this paper. We refine the
theory on the joint stationary distribution, and present the theory and related algorithm
in a systematic form. In Bean and O'Reilly [14], the multi-layer MMFF processes, in
their full scale, were introduced. Their paper focused on the first passage time and
first passage probabilities.
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* Horvéth and Van Houdt [32], Van Houdt [43], and Horvath [31] applied the theory
on multi-layer MMFF processes to queueing models. Van Houdt [43] investigated a
single server queue with multiple types of customers and customer abandonment, and
obtained quantities related to customer abandonment and waiting times. Horvath [31]
analyzed a single server queue with multiple types of customers with service priority.
Our work on the queueing model is close to that in Van Houdt [43] in which a single
server queue with customer abandonment is studied. We consider a queueing model
with many servers and customer abandonment, and extend the analysis to more
queueing quantities (e.g., different types of abandonment probabilities and waiting
times, and the mean queue length).

Queueing systems with customer abandonment are important in the design of many
stochastic systems such as call centres. The investigation of such queueing systems has been
extensive (e.g., Dai and He [23, 24], Dai et al. [25], and references therein). Choi et al. [18]
introduced a method to analyze the MAP/M/K+GI queue with constant abandonment time
(i.e., MAP/M/K +7 ). Kim and Kim [33] adopted the same method to analyze the M/PH/1
queue with constant abandonment time. Following their approach, He et al [18]
investigated the M/PH/K queue with constant abandonment time. Unfortunately, the method
cannot be applied to the MAP/PH/K queue with customer abandonment, due to the lack of
commutability of some matrices.

MMFF processes have been proven to be an effective tool in analyzing queueing
models. The basic idea of the approach is to introduce an MMFF process associated with
the workload/age process of the queueing systems. If the stationary distribution of the fluid
flow process can be found, then some queueing quantities can be obtained. Following
previous works, we apply the multi-layer MMFF processes to the MAP/PH/K+GI queue,
where the abandonment time distribution is assumed to be finite discrete. The queueing
model is quite general since MAPs can approximate any arrival process and PH random
variables can approximate any nonnegative random variables. To deal with a state space
dimensionality issue, similar to He et al. [ 18], we use an approach developed in Ramaswami
[40] (also see He and Alfa [29]), called CSFP (count-server-for-phase), to reduce the state
space so that the algorithm developed in this paper can handle systems with up to one
hundred servers. Thus, algorithms developed in this paper can be used by researchers and
practitioners in their studies/design to gain insight on stochastic systems of interest.

The power of MMFF processes can be further demonstrated by their capacity in dealing
with more complex queueing systems. For example, with minor modifications, the method
presented in Section 6 can be used to analyze the MAP/PH/K+GI queue in which the
abandonment time of the customer at the head of the waiting queue has a different
distribution than that of the rest. Further, the method can also be extended to analyze queues
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in which the customer arrival process and/or the service times depends on the age of the
customer at the head of the waiting queue.

3. Multi-Layer MMFF Processes: Definition

We present the multi-layer MM FF processes first introduced in Bean and O'Reilly [14].
As mentioned earlier, a multi-layer MMFF process is a fluid flow process in which the fluid
level is a piece-wise linear continuous function of the time and the change rate of its fluid
level is modulated by a continuous time Markov chain. A two dimensional process
{(X(),0()),t=0} is called a multi-layer Markov modulated fluid flow (MMFF) process if
the following conditions are satisfied.

1. There are N+1 constants {{,=—oo,[,...,[;, =%} such that N>1 and [,<],<...<[y,
to be called Borders. Those borders form N intervals ({,,l), (,l,), ..., and
(ly_»1y), to be called Layer 1, 2, ..., and N, respectively.

2.If X(¢) isin Layer n,for n=1,...,N—-1, {¢(¢),t=0} is a continuous time irreducible
Markov chain on finite state space S with infinitesimal generator Q.

3. The fluid process {X(?),t=0} is controlled by ¢@(.) such that the value of X (7)
changes linearly at rate cir*™ at time t, where L(x)=n if [, <x<[,, for
n=1,..,N. Therate ¢ of fluid level change can be positive, negative, or zero. We
put the rates into vectors ¢ ={c(™,ie ™}, for n=1,..,N. For convenience, we

partition the state space S into three subsets according to the sign of c™ as follows:
SMW=(ieSM: "M >0}, SW={ieS™: <0}, S ={ieS™: M=0}. (3.1)

We further divide ¢, according the signs of its elements, and the infinitesimal
generator Q" of the underlying Markov chain as

¢ =(cf”, ¢, 0);

smon o o (3.2)
QW =8I oW Q" oWl
sl g g
+

We note that S, 8™, and S are placed in the above definition to show the
directions of transitions, and are not a part of Q.

4. If X(1)=1,, forn=1,..,N—1, {¢#(1),t=0} is a continuous time irreducible Markov
chain on finite state space S\ with sub-generator Q. During the period that
#(1) is in S, X (¢) remains at [, until @(r) switches from S to either S™ or
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8D The process ¢(t) can go from S to (i) S{"*" with transition rate matrix

O™ ; and (ii) S with transition rate matrix Q™.

5.If X(¢) reaches [, from below, for n=1,..., N—1, the process {¢(¢),t=0} can switch
from S™ (actually from S ) to (i) S™ (i.e., reflecting back to Layer n ) with
probability (matrix) PJfZl; (>i1) Sfr”“) (i.e., passing Border /, to Layer n+1) with
probability P ; or (iii) into S with probability P} .
6. If X(¢) reaches [, from above, for n=1,..., N—1, the process {¢(¢),t=0} can switch
from S (actually S to (i) SV (i.e., reflecting back to Layer n+1) with
probability P%) ; (ii) S (i.e., passing Border /, to Layer n) with probability P?" ;

or (iii) into ${" with probability P},

By the above definition, for n=1,2,..,N—1, we musthave (i) Q\e+Q e+0Qe=0,

. : fae (33 (n) (n) (Ma—a:
where e is the column vector of ones and an appropriate size; (i) P, e+P, e+P. e=¢;

and (iii) Pe+Pe+P)e=e. If we define ¢ =0 for all n and ie S, then X(¢) is
controlled by ¢(¢) explicitly as

t s dX (¢
X ()= X O)+ [ ¢t ds, or —df = gy, (3.3)

Based on the above equations, the process {X(¢),1=0} can be analyzed by using the
ordinary different equation (ODE) method (e.g., Anick et al. [5]). The more popular
approach is matrix-analytic methods, which are used in this paper.

In da Silva Soares and Latouche [22], a border with nonempty S is called a sticky

border. We shall call a border a passing border if one of P}’ and P{}) is nonzero, and a
reflecting border if one of P} and P}’ is nonzero.

The process has N layers separated by N—1 borders. If N =1, the process is the
classical MMFF process. The classical MMFQ is a special case with N =2, Border ;=0
is a reflecting border, and Layer 1 has an empty set of underlying states. The MMFQ can be
considered as a two-layer MMFF process truncated at Border /,=0. Such an MMFF process
is called an MMFQ since the fluid level is always nonnegative and its dynamics reflects the
change of queue length, workload, or the age of a customer in queueing systems.

Example 3.1. Parameters of a multi-layer MM FF process with N =3 are presented in Table
1. Figure 1(b), Figures 2, 3, 4, and Figure 5(a) are generated from this example.
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Table 1. Parameters for Example 3.1 with N =3.

Borders / Layers Parameters
Border (L; =) Not defined
Layer 3 -10500.5
¢¥=(05,-2,-1,0; 0%=| 1 2 9 1
01 0-1
Border (L, =3 @ = -1 @ _(0.5). h@ _(0.5).
= e85
P01 P2 ={04): 5 =(05 0)
@ _(0.5). p2 _(0.1). po) _{0.4
P—b+—(0.5j’ P—b—_(O.lj’ P—bb—(o.4j~
Layer 2 -105050
¢®=(1,-0.5,0,0; 0®=| | =2 1 0
1 0 0-1
Border (L, =0) (1)—(—1); (1)—(0.5); él_)z(O.S);
0.5 0.1 0.4).
20 =(03) o =(31 ) P=(04 )
P, =(04); P\ =(0.1); P) =(0.5).
Layer 1 -10 1 0
M _ o= 0-10 1
¢V=(2,1,-1,0 0= { 7 3 ol
10 1-=-2

Border (L,=—c0)

Not defined

In general, the multi-layer MMFF process does not have the independent incremental
property, and its evolutions in individual layers interact with each other through the borders.
On the other hand, it evolves conditionally independently within individual layers. This
observation implies that one can first investigate the process in individual layers and then
combine them together. The study of the process within independent layers is equivalent to
that of the single layer MMFF process. Thus, we shall first introduce a number of basic

quantities that only associated with a single layer MMFF process.

4. Preliminaries: Basic Quantities

In this section, we shall introduce quantities {W¥, ‘/17, V@ % , X, ?l} for each layer.
For that purpose, we assume in this section that there is only one layer, and remove the
superscript/subscript “n . We refer to Latouche and Nguyen [34] for a detailed review on

those quantities.
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Let @ be the stationary distribution of infinitesimal generator Q, which is the unique
solution to linear system Q=0 and are=1. We define

U=ac, (4.1)

which is the mean drift of the fluid flow per unit time in steady state. Intuitively, as ¢ — oo,
if >0, the process will drift to +e ; if <0, the process will drift to —o; and if
1=0, [X(#)l—>co. It has been shown mathematically rigorously that the three limits hold
with probability one.

Matrices ¥ and ¥ are the most important quantities in the analysis of MMFF
processes. Many other key quantities can be expressed explicitly in ¥ and P. To define
¥ and ¥, we introduce embedded regenerative processesin {(X (¢), #(¢)),#>0}. Define,
0, =inf{tr>0: X ()>0}, and for n>0,

6, =i'nf{t>5n_l:X(t)=O}, 42)
0,=inf{t>8,: X(t)>0},
which are called regenerative epochs (see Figure 2), if the underlying process ¢@(t) is in
S, or S_. For example, {(X(8,),#(6,)),n=1,2,..} is a regenerative process with state
space {0}xS_. Elements of matrices ¥ and P are defined as follows:
W, =P{6,, —0,<0,0(0.,)=jl@#(5,)=i}, forieS,, jeS_;

_ 43
P, =P(5,—6, <o, §(5,)= j14(8,) =i}, for ic S, je,. 3

Figure 2. O

n?s

6,, and 1. (x).

It is easy to see that ¥ records the transition of the state of the underlying Markov chain
Q from an epoch that the fluid level X (¢) starts to increase from zero to the next first epoch
that X (r) reaches zero. Matrix ¥ can be interpreted similarly.

If At)eS,, the fluid flow level X(7) can remain unchanged for a period of time. To
analyze ¥ and W | as demonstrated in da Silva Soares and Latouche [21], it is useful and
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without loss of generality to consider the process obtained by censoring the time periods
that @¢(r) isin S;. The censored underlying Markov chain is defined by

T++ T+— Q++ Q+— Q+()
= + (=00) ™ Gy, Q) (4.4)

T: =
T7+ T_ Q—+ Q—— Q—O

where T,,, for example, contains the transition rates from S, to S, directly, which are
given by Q,,, and indirectly via &, which are given by Q,,(-0y,)"'Q,, -

In the rest of this section, we work with both infinitesimal generators 7 and Q. For
convenience, we also define positive diagonal matrices C, and C_ as follows:

C, =diag(c,) and C_=-diag(c.). 4.5)

Lemma 1. (Rogers [42]) Matrices ¥ and ¥ are the minimal nonnegative solution to the
following quadratic Riccati equations, respectively:

CI'T,_+C.'T,,Y+¥YC'T _+¥YC'T_¥=0; (4.6)
C'T . +C'T_W+¥C.'T,, +¥C;'T, ¥=0.
We refer to Latouche and Nguyen [34], Guo [26, 27], Ramaswami [41], and Meini [37]
for more details and algorithms for computing ¥ and .

Second, we consider the underlying Markov chain when the fluid level reaches a new
low/high point. We define matrices # and Z as

#=C'T_+C’'T_¥,;

. . “4.7)
#=C]'T,,+C;'T, V.

The following probabilistic interpretations of # holds:
7, =inf{t: X (1)< X (0)—x}, for x>0;
(e”*)i,j: P{7; <oo, ()= jl@#(0)=i}, for i, je S_; (4.8)
(‘Pe”")i?j: P{7; <00, 9(7;)=jl@p(0)=i}, fories,, jes_;
Thus, # plays the role of an infinitesimal generator of a continuous time Markov chain for
which the time is the minimal fluid level and the state space is $_. Thatis: # is related to

the state of the underlying Markov chain every time the fluid level reaches a new low point
(Asmussen [6]). Define, for x>0,

t . (x)=min{t: X (1) =—x};
imin (X) = ¢(tmin (x))s

where i . (X) is the state of the underlying Markov chain at the first time epoch that X (¢)

4.9)
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reaches —ux.

Lemma 2. (Asmussen [6]) If ©<0, {i . (x),x20} is a continuous time Markov chain with
infinitesimal generator #. If p>0, then {i . (x),x20} is an absorption Markov chain
with state space S_|U{A}, where A is defined as an absorption state, and infinitesimal

S (& -He
{ } (4.10)

generator

A O 0

Similarly, one can consider the underlying Markov chain when the fluid level reaches
a new high point, which is related to a continuous time Markov chain with infinitesimal
generator (or subgenerator) Z.
Third, we consider matrices ¥ and /K>, which are defined as
X =C;'T,+¥C'T,;

~ - .11
R =C'T_+¥C]'T, .

Matrix % is associated with numbers of visits to a certain fluid level and state during first
passage periods. We assume that 50 =0 (then X(0)=0)and ¢(0)=i.

* For i, je S, and x>0, we define (N,,(x));; as the mean number of visits of the
process (X (¢),0(t)) to state (x,j) from below before X (¢) returns to zero. This type
of visits are called upcrossings of fluid level x.

* For ied,, jeS, and x>0, we define (N,_(x));; as the expected number of visits
of the process (X (¢),0(t)) to state (x, j) from above before X (¢) returns to zero. Such
visits are called downcrossings of fluid level x.

* For i,jeS_ and x<0, we define (N__(x)),; as the mean number of visits of the

process (X (¢),4(t)) to state (x,j) from above before X(f) returns to zero.

* For ieS_, jesS,,and x<0, we define (N_.(x)),; as the expected number of visits
of the process (X (¢),9(t)) to state (x, j) from below before X (¢) returns to zero.
Lemma 3. (Ramaswami [41]) For x>0, we have (i) N, (x)=exp{X'x}; and (ii)
N._(0)=N,, (x)¥=exp{Xx}¥. For x<0, we have (iii) N__(x)=exp{ZX(—x)}; and (iv)

N_.(x)=N_(x)¥ =exp{R (—x)}¥ .
Now, we summarize the relationship between g and our basic matrices, which will be

referenced repeatedly throughout this paper.

Lemma 4. (Rogers [42], Asmussen [6], Ramaswami [41]) The relationships between u
and basic quantities are as follows.
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4.1 If u>0, then we have (i) Ye<e and Pe=e¢; (ii) Z#e<0 and #e=0; and (ii)
& is non-invertible and X is invertible.
4.2 If u=0, then we have (i) Ye=e and Pe=e¢; (ii) Ze=0 and Ze=0; and (iii)
% and R are non-invertible.
4.3 If u<0, then we have (i) Ye=e and Ye<e; (ii) #e=0 and %e<0; and (iii)
& is invertible and X is non-invertible.
For extensions to a multi-layer MM F'F process, we need quantities when the process is
constrained to an interval, say (a,b). Therefore, we define, for a<x<b,

* (N{“"(x));; be the expected number of crossings of level x at state jeS before
the process reaches level a or level b, given that the process started in (a,i) for
ieS,. (See Figure 3)

. ( N« (x)),; be the expected number of crossings of level x at state jeS before

the process reaches level b or level a, given that the process started in (b,i) for
ies. .

-

B I Sl

55 86 205218 280 303 363

Figure 3. Upcrossings of level x, starting from level a=0, without visiting leve b=09.

—(a.b)

+ (%)

(x)) for downcrossings according to jeS, or jedS_,

Matrix N (x) (N (x)) can be divided into two subblocks N (x) (N

A(a b)

for upcrossings and N*? (x) (N
respectively.

Lemma 5. (da Silva Soares and Latouche [21]) For a<x<b, we have
)4 K (- N(“’b)( x) K -a) 0 I ¥

= ) 4.12)
R b-a) ] /\<a b>() 0 R (b=%) ¥ 7
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The first matrix on the left hand side in the above equation is invertible if u=+0.

For the first passage probabilities from one fluid level to another (e.g., from a to b or
vice versa), we define

e P9 g defined similar to ¥ except that the process does not reach fluid level b
. . oy(o-a) . . . G
and the process starts in fluid level q; ¥, is defined similar to ¥ except that
the process does not reach fluid level a and the process starts in fluid level b.

« A" is defined as the probabilities for the process to go from level a to level b
before returning to level a. A" s defined as the probabilities for the process to
go from level b to level a before returning to level b.

Lemma 6. (da Silva Soares and Latouche [21]) The matrices of first passage probabilities
satisfy the following equations:

AL gl I Wb [ p-a) P
= . 4.13)
@(_b;a) K(_b_—a) {17 e?z(h—a) I (17 e?(b-a)

The second matrix on the left-hand-side of the above equation is invertible if #0.

Although Lemmas 5 and 6 are developed for MMFF processes with only one layer,
they play a key role in the analysis of multi-layer MMFF processes and will be used
repeatedly in the next section.

5. Joint Stationary Distribution and Algorithm

In this section, we review and refine an algorithm for computing the joint stationary
distribution of the fluid level and the state of the underlying Markov chain developed in da
Silva Soares and Latouche [21]. A censored CTMC and a linear system are introduced for
border probabilities and limits of the density function, which are constants and coefficients
used in the solutions of the joint stationary distribution. Define, for —co< x<eo,

p§”>=ﬁmP{X(z)=ln,¢(t)=j|X(O),¢(0)}, for je S, n=1,2,...N—1;

t—>o0
g (X)= lim PLX () <x, (1) = j1 X(0).4(0)). for je SV, n=12,....N: 5.1)
[—o0
n dg('n)(x) . n
7 )(X)=?T, forje S™,n=1,2,...,N.

Let p(")=(p§."):jeSl§")), for n=1,2,...,N—1,,and for —co< x<oo,
ﬂ(”)(x)=(ﬂ'§”)(x):je S™), forn=1,2,...,N. (5.2)

In the rest of the section, we focus primarily on the joint density function
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7" (x)= (zﬁ”)(x): jes™), for n=1,2,..,N, and the border probabilities
{p("),n=1,2,...,N —1}. Our analysis consists of five steps, with a separate subsection for
each step.
* In Subsection 5.1, we use the semi-Markov chain theory to establish the relationship
between the density function, the border probabilities, and an integral of a conditional

density function;
* In Subsection 5.2, we construct a censored CTMC to find the border probabilities;

* In Subsection 5.3, we develop a linear system for the limits of the density function;

* In Subsection 5.4, we put things together to derive expressions for the joint density
function; and

* In Subsection 5.5, we present the computation steps for computing the density
function, distribution function, and the mean fluid level.

5.1. Density function and number of level crossing
Let

. f ;(x,f) be the density at the state (x,j) at time 7, given the initial state
(X(0),¢(0)); and

* ¥")(y,x1) be the taboo conditional density of (x,)) at time ¢, avoiding both
Border ln_1 and Border /, in the time interval (0,7), given that the initial state is

(y,k), for I <x<l[, and y=[ | or I,

We note that f;(x,t))h=P{x<X(t)<x+h,¢(t)=j} for initial condition (X (0),#(0)), and
7 (y,x,t)h is approximately the taboo conditional probability that the fluid level is in

(x,x+h) attime ;.

For [, <x<I,, we condition on the state at which the process is either in Border [,
or [, for the last time before reaching state (x, j) attime ¢. After that time point, denoted
as t—7,, the process will be between the two borders until it reaches (x, j) at ¢ (see Figure
4). At the point 7—7, the fluid level either touches one of the borders and enters into the
interval (I_;,1,) or goes from one of the two borders into the interval (I _,,1,), atotal of six

cases. The corresponding probabilities for the occurrence for the six cases are given
approximately as follows.
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Figure 4. The fluid process in (0,7) with (X (¢), #(¢))=(x, j) and the time epoch r-7.

X .00l <X(U=T) <L, +¢,dT, p(t—7) =1}

cmdr

c™dr which

can be written in density function as: f;(I_,+,t—7)c{”dz . Then the process can be
reflected at Border [, at epoch r—7 with (matrix) probability P;". (Remark: In state
i, when the time elapses d7 units, the fluid level changes by ¢d7. Thatis why we need

touse c¢d7, instead of only dz in the expression.) (See Figure 4(a).)

2. From ieS"™",

the probability is

x<0),¢(0){ln—1 —cdr<X(t-7)<l_,0(t—-7)=i}

Mz

dr,

which can be written in density function as f;(/_,—,t—7)c""dz. Then the process can
upcross Border /,_; atepoch —7 with (matrix) probability PD. (See Figure 4(b).)

3.From ie S\"™", the probability is pl.(”_l). Then the process can enter Layer n at epoch

t—7 with (matrix) probability Q;""dz. (See Figure 4(c).)
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Py sl <X (@=7)<l, +cd7, p(1-7)=i}
C»(rH—l)dT

which can be written in density function as f,(l,+,t—7)c{"*’dz. Then the process can

4. From ieS"V, the probability is c"dz

downcross Border /, at epoch #—7 with (matrix) probability P_(Zl (See Figure 4(d).)
Py o) g ln —cdT< Xt —-7) <[, p(1—7) =i}
c"dr

can be written in density function as f,(l,—,t—7)c”dz. Then the process can be

5. From ie Sfr”), the probability is cmdr, which

reflected at Border /, at epoch f—7 with (matrix) probability P{}’. (See Figure 4(e).)

6. From ie S\, the probability is p,-(n). Then the process can enter Layer n at epoch
t—7 with (matrix) probability Q{”dz. (See Figure 4(f).)

Using the arguments given in da Silva Soares and Latouche [22], given (X (0), ¢(0)),
and conditioning on the state change (i.e., i—k )atepoch -7, we have, for ln_1 <x<l,

fianh= Y 3 [ fill, =D (PG, 70, %, DhdT

teS(")keS(n)

£ X [ =D PG, 0, x DT

ies" Diesiv)

+ > ZI QU (I, x, TR T

i 5}5”‘] ) ke s

+ Z Z J‘(;fi(ln-l_’t_r)cl’(nﬂ)(P_(n))lk%((n)(l X,Z')hdz‘

ie st ke g(m)

+> 0y j f, == (PG, 7, x, DhdT

teS(")ke S(n)

DD I N (NIRRT

teSl(J")keS(n)
+g (x.)h+o(h).

(5.3)

where g;(x,1) is the conditional density such that the fluid level is always in Layer n in
(0,7). Recall that f;(x,t)h=P{x<X(t)<x+h,¢(t)=j} for initial condition (X (0),#(0)),
and 7(”) (v, x,t)h 1s approximately the taboo conditional probability that the fluid level is in
(x,x+h) at time ¢. We have the term o(h) because in a short period of time h/c(")

there can still be more than one transitions occurring. The sum of the probabilities of all
those events is o(h).

Let '™ be the stationary distribution of Q(”), for n=1,2,...,N. The mean drift of
the process associated with {¢”,Q™} is defined as 1, =a™c™.
We assume that £4>0, <0, and the process is irreducible. Then the stochastic
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process is ergodic. Consequently, the joint stationary distribution exists, is given by the limit
of equation (5.3), and is independent of the initial status at #=0. Letting 4/—0 and ¢—
in equation (5.3), in matrix form, we obtain:

Theorem 1. We assume that >0, i, <0, and the process is irreducible. Then the joint

stationary distribution exist. For ln_1 <x<l, and n=1,2,..,.N, we have

+b+

ﬂ-(n)(x) :(EEn)(ln_l)Cin)P_(Z;D +7r4(rn_1)(ln—l)CJ(rn_l)P(n_l) +p(n—1)Q}(}11—1))I:y(n)(ln_l’x’s)ds 54)
(DA PY + 2 U)C PG PO ) [CF (L x,5)ds.

(Remark: For notational convenience, we have added ;/(])(lo,x, $)=0 and y*~ )(lN,X,S):O
to the above equation. Recall that the underlying Markov chain {§(t),t =0} is irreducible
when the fluid level is in between a certain layer.)

Next, we find closed form solutions for the two integrals in the above expression. For
n=2,3,...,N, the integrands can be approximated by: for ke S and jeS",

P{x<X(s)<x+dx,] _, <X(t)<l,,0<t<s,0(s)=jlI F)}
dx
~E[1, 171,

X (s):x,ln_l<X (t)<ln ,0<t<s,0(s)=j} 0 dx

k”J) ( _,x,s)ds=

st (5.5)

where Fy={X(0)=[ _,,#0)=k}, and 1., is the indicator function. We remark that

ds/(dx)=1/c{" if @(s)=j. For ke S and jeS™, we obtain (abusing the notation a
little bit)

= ZE[ 1{X(mxds):x,ln_]<X(t)<ln,0<t<m><ds,¢(mxds)=j} I FO]
~ =
Jo 7203y x,)ds = o)
j (5.6)
4, _1.0)
ds—0 (]V+-:—1 o ('x))k,j
(n)
Cj

Intuitively, the left-hand-side can be interpreted as the (conditional) total time the process
visiting state (x, j). Since the fluid generated per unit time is c§”) for state j, the time to

generate one unit of fluid is 1/ c}"). Thus, the right hand side is also the (conditional) total
time the process visiting state (x, j).

For ke S™ and jeS"™, similarly, we obtain (Nfrlffl’l")(X))k, /¢, For ke S
and jeS{™, the process will be in a state in S or S before entering S{. By

conditioning on the state at such time points, we obtain, for ke S and je S5,
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[y 7o, pxs)ds=(<Ni%—1”")<x>c;‘ ) N (0TI (W) jk RNEN)
N

In matrix form, we obtain, for n=2,3,....N,
.[o y' (,_,x,s)ds

AN (m)\-1 () (_Hn)\-1
_( (ln l1,,)( )N(l" )(x)j (e 0 ()70 (—C’) . (5.8)

0 (€O (€YY 0
Similarly, we have, for n=1,2,...,N—1,

J:%”) (L,,x,s)ds

S, o, 0 EITORERNT (5.9)
=(N 1 ), N0 )j -

0 (COY (€)1 QR (=Of)
Combining equations (5.8) and (5.9) with Lemma 5, we obtain

Lemma 7. Matrices of the integrals satisfy the following equation:

I K G g I:;/(”)(lnfl,x,s)ds
e%(")(ln*lnfl)@m I I:V(")(ln,x, s)ds 5.10)
ex/(n)(x_ln_l) 0 (Cfr"))_l \P(n)(CEn))—l ™ '
0 A0 (7 eyt eyt B
where
™= ((C(")) Q(")+‘P(")(C(”)) Q(n))( Q(n))l
(5.11)

F [‘P (C(")) Q(n) +(c(n)) Q(n)j( Q(n)) L
If w,#0, the first matrix on the left hand side of equation (5.10) is invertible.

According to Theorem 1, to find the joint stationary distribution, we still need the
following sets of border probabilities and limits of the density function in vector form:

1. {p™,n=1,2,..,N}; (Remark: We use p**’ =0 for convenience.)
2. {7, ), 20, ), 77, 77 (1), n=1,2,..,N} (To be called density limits).

We find those vectors in the next two subsections.
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5.2. An embedded discrete time Markov chain for border transitions and a censored
continuous time Markov chain for border probabilities

We want to find out, after the process leaves a border, which border it will enter next.
For that purpose, we introduce two fictitious sets of states for Border /, : (i) a set of states

“above” the border: which is Sfr"“); and (ii) a set of states “below” the border: which is

S™ . The “above” set contains all the states that the MMFF process leaves Border [, by
increasing the fluid level. The “below” set contains all the states that the MMFF process
leaves Border /, by decreasing the fluid level. Plus the border states S, we have three

sets of states associated with each border. We arrange the states in the order: (S, 8@
2) ¢B N-1) ¢(N -
SD 8D, SND SN g SNy

We construct a discrete time Markov chain such that the border states are absorption.
The embedded discrete time Markov chain is defined at the time epochs the MMFF process
is leaving (e.g., upcrossing, downcrossing, reflecting, and entering) a border. The transition
probability matrix D of the Markov chain has the following structure:

A B
D_[O Ij, (5.12)

where matrix A contains all the transition blocks from {SU,5® §@ §& = VD gV
to themselves, and matrix B contains all the transition blocks from {SV,8? §@ O
SN SNY o {S1,...,SN D). The transition blocks in A and B are identified explicitly
as follows.

e From S™ (i.e., the set below Border [,), the process can

1. return to itself (ie., S ) with probabilities in matrix ‘P - ‘)Pj;j), for
n=1,2,..,N-1,;

2. go to the set above Border I, (ie., S"*V ) with probabilities in matrix
‘P(” = I)Pj[’ﬁ, for n=1,2,..,.N—1;

3. enter Border [, (.e., S(")) with probabilities in matrix ‘I‘(" 4 I)Pjgg, for
n=1,2,...N-1;

4. go to the set above Border [, (ie., S ) with probabilities in matrix
K(,l’i_l"—l)P_(Z;”, for n=2,3,..,.N;

5. go to the set below Border [ , (i.e., Sy with probabilities in matrix
Al ')P“’ v for n=2,3,..,N;and

6. enter Border [, (ie., S"") with probabilities in matrix Al ‘)P(Zb‘”
n=2,3,..N.

for

’
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* From Sfr"“) (i.e., the set above Border [, ), the process can

1. return to itself (i.e., SU* ) with probabilities in matrix ‘P(I"“ ”)P(”) for
n=1,2,...N—1;

2. go to the set below Border I, (i.e., S ) with probabilities in matrix ‘Pf’ffr]”)P_(Zj,

for n=1,2,..,.N-1;

3. enter the Border [, (i.e., SIS")) with probabilities in matrix ‘P(”“ ”)P(Zg ,
n=1,2,..,.N—1;

4. go to the set above Border [, (ie., S ) with probabilities in matrix

Al ™ pld for n=1,2,..,N— 2

for

5. go to the set below Border [, (.e., S™* ) with probabilities in matrix
Alna” ”)P("“) for n=1,2,..,N—2; and
6. enter Border [, (i.e., S ) with probabilities in matrix A{z1™"’ peD | for
n=1,2,...N-2.
It is easy to see that (I —A)™'B contains the absorption probabilities from those “above”
or “below” sets to the border sets. Let

(n)
S

(I-A)'B= sm | ... Ho (5.13)
SO g

where H " contains the probabilities that the first border entered by the original MMFF

process, started from the set below Border [, , is Sb(”), and H""" contains the
probabilities that the first border reached by the original MMFF process, started from the
set above Border [, is Slg”).

Now, we construct a censored continuous time Markov chain @, for the border
probabilities {p("),n=1,2,...,N —1}. The CTMC (@, is obtained by censoring out the
periods that the original MMFF process is between borders. Thus, the state space of
constitutes (only) all the border states ,51) U 5152) U..us IEN_I). The infinitesimal generator
@ can be divided into blocks as follow:

s

Q,= (5.14)

Sb(m) Q”.l’n e,
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where, for m,n=1,2,...N—1,
Ol + O H ™ + O H ™, it m=

Opn = (5.15)

O H ) 4 Qim py (man), if m#n.
Lemma 8. Border probabilities {p™,n=1,2,...,N—1} satisfies(p",p?,...p~ ") Q,=0.
In Algorithms I and II, we solve the linear system x@Q, =0 and xe=1 for vector x first.

Then we normalize vector x to determine the border probabilities {p('” n=1,2,.., N-1}.

5.3. A linear system for density limits
Next, we introduce a linear system to find the density limits {ﬂi”)(ln_l),n’ﬁ")(ln_l),
7”1, 2" (1,),n=1,2,..,N}. Recall that 7" (x)=(7#" (x),Z" (x), 7" (x)). Thus, to
find the density limits, it is sufficient to determine {7z (ln_l),ﬂ'(")(l,,)}. For all borders
n=1,2,..,N-1, we have two equations: one for #”(l,) and one for #*V(l).
Alternatively, for each density function 7" (x), for n=1,2,..,N—1, there are two
equations: one for £ (l,_,) (except for n=1) and one for Z(l,) (except for n=N).

Therefore, we have in total 2N —2 equations for 2N —2 unknown vectors. Denote by
V(L") =7t(”)(ln_1), forn=2,3,...,N;

(5.16)
vi=x"(,), forn=1,2,.,N-1.

Vector v{" can be divided into three subvectors as v{"=(v{" v{” v{m) where

v =, ), v =2, ), and v\ =x{"(l,). The same relationship holds
between V(" and &"(l,): v = (Ve vo v =" (). 2" (1), 2" (1,)). Denote

by v =(v{”,vi"), forn=1,2,..,N. Note that we define v{"=0 and v{}'=0. We

define vectors:
" =P("_”Q,§TDI: Y, .0, s)ds;
2P =p" VO [V, s)ds;
B =p" Q" [ V" U],y 5)ds;
2P =p" 0" [ V" UL, )ds.

(5.17)

All the above four vectors are of size 15" |. We define matrices
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(n—l)P(n—l) C(n—l)P(n—l)

MO =0 T s M= 0" [P0, s,

0 0
M=) COPED [P 95 M= COPED [T, s
5.18
C_En)P(Z) Ccmpw 19
+ +b— | poo
M = [Vl s M= 0 [, 7" Uil 9)ds;
0

n’"n—1°

0
M =| cm pm j Yyl 9)dss MY =| CVPO [ Y0 (L, )ds.
0 0
Matrices M and M{" are 1S"V| by 1S™| matrices; M{", M{", M, and M "
are |S™ 1 by 15| matrices; and M and M{" are |S”*| by 15| atrices.
By Theorem 1, the following linear system for the density limits can be established,

VO =@M Ly L ED;

() — yM pg ) L gD g L o) 4yt prn) 4 o) pg ) 4 ) o) — 1
vV =v UMY v MY+ EY VMY v MY+ EY n=2, .. N -1,
() — vy pAg ) 4 gD ag ) 4 2 gt pg(n) 4 G pg(n) L m(n) o — -1
v =VIMY v MG + BN v UMY v M Y+ EYY n=2, .., N—1;
(N) — vy A (N) 4 y(N=D) g (N) 4 2 (N)
vV, =VUMEY vy M+ EPY

Further, the above linear system can be written as follows:

0 MPUI-MP)!
v :(o, Egl>(1—Mg1>)-1)+v<2> ;
0 0

0 0
M| (Wm0 =) 4 =) (n=1)
v = (._41 +o, 8+ ay )+V

(n) (n)
M, M;

(5.20)
I=MM  —_pm
(n) (n) 3 4
_i_‘,(errl)(Md M(% ]] ,n=2,...N-1;
-M" I-M"
0 0

v = (ZM =M M), 0)4+ v D :
MMUI-MMY 0

58



Define

and

Finally, we obtain

Queueing Models and Service Management

A =(0, 2P -MP));

I-M{ M
=(EP+EP, EP +E() n=2,...N—-l: (521)

_MS(") I—Mé")

A =

Ay =(ENU-MM)0),

0 MPU-MP)!
Q,,= )

0 0 I-M{"» -MP

() (n)
M M) -M T-M

(5.22)
(n) (n) -
q)n,n+1 = ’
0 0 _MS(n) I_Mén)
0 0
CDN,N—I = ’
MOUI-MMYyT 0
Yy=Pyyi B
,YJZ :cbn,n—l (I_Yn+lcbn,n+l) ’ for n :2’3"“’N_1; (523)
éN=AN; N
An=(A,+Ann®, , YI-Y, @, 7", forn=23,. N-I
N -1
Vv = v = (A + 80D, ) (T-T,D,,) (5.24)

(v, vy =vW = A, +v" VY, forn=2,3,...,N,

which can be used to compute the density limits recursively. We note that the invertibility

of the matrices in the above equations is guaranteed by the existence of the joint stationary

distribution.

5.4. Putting things together and results

Now, we assume that >0 and 4, <0. Then the stationary distribution of the
MMFF process exists. With all the vectors in place, we now find the expressions for the
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density functions and distribution functions. By Theorem 1, we can write
20 =w [ 0, ds+w [ 7 xs)ds. (5.25)
where w(’=0, w{")'=0, andfor n=1,2,...N—1,

Wi =a V()P 7 (,)C P + Mol
SV DCOH P 4y D) g

(5.26)
W(Ln+l) :7[(”+1) (l )C(n+1)P(n) +7[_(Fn) (l )C_('_n)Pizl +p(n)Q[§:l_)
— V(n+l)C(n+1)p(n) + V(n) C(n)PJEZi +p(n)ngi);
Then we define, for n=1,2,...,N,
(n) !
I e~ RPN 1)
W, u)=(wi", wir) . (5.27)
A ) T /

Combining equations (5.25)-(5.27) and Lemma 7, we obtain a closed form expression
of the joint density function.

Theorem 2. Weassumethat,ul>0, ,LlN<0, and ,Ll,,?tO1 for n=23,...N—-1. For
n=1,2,..,N, we have, for | _ <x<I,

7™ (x)=uMe A (e, (CMY1 P (Cmy=1 Tm)

(n) %( )(l —x) A(”) (m)\—1 (n)\-1 ~(n) (528)
tu- P ()7, (), ).

Now, we construct the joint stationary distribution function. Let
X
G(")(x)=_[l 7 (x)dx. We obtain, for [ <x<l, and n=1,2,..,N,
n—1

G (x)=u® J‘ "ohg ((Ci’”)‘l,‘I’<")(C£”>)‘1,F<"))

5.29
u(”)J- (ln )’)d (\/P\(H)(C(ﬂ))—l (C(n)) 1 (’l)J ( )

Finally, we need to normalize the coefficients in the joint density function and the joint
distribution function. By the law of total probability, the normalization factor is given by

1 'We note that results for the case with u, =0 for some n=2,3,..,N-1 are much more involved. We choose
not to touch that case. Yet it is an interesting topic for future research.
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Nl N i (),
o=, p<">e+zu<+"> f” Oy (0w ()T e
(5.30)

+Z u(”)J‘ (ln d (‘/P\(H)(C(”)) 1 (C(n)) 1 ’\(”)J .

Many quantities of interest can then be obtained. For example, the (steady state) mean
fluid level can be obtaned as:

E[X (1)]= Zl”p(”)e+z j xdG™ (x)e

n=1 ln-1
_lenp(n)e-l'z u(n)J' z () )”nfl)dy((cJ(rn))—l,IP(n)(Cyl))—l’F(n))e (531)

N —(n n
+3 >j ye - ”d (\1“ oy ey, ”J .

The integrals in equations (5.29)-(5.31) can be evaluated by using expressions in the
results given in the next subsection (Lemma 9).
5.5. Computation details, Algorithm I, and numerical examples

First, we present a lemma that can be used for computing the distribution function,
mean, and higher moments of the fluid flow processes. Let v, and v, be the left and right

eigenvectors, corresponding to eigenvalue zero, of a matrix M, ie., Vv,M=0 and

Mv, =0, and are normalized by v,e=1 and V,V,=1. It can be shown that M —v v, is
invertible. Define

LY = J.jexp(M(x—a))dx; ze =J.:eXp(M(b—x))dx;

_ jjxexp(M(x—a))dx; Mes =j:’xexp(M(b—x))dx. 32
Lemma 9. Assume that —c<a<b<oo. If matrix M is invertible, we have
=Zap=M"(e" "~ ]);
MY =M (M~ —al +(bI-M )M *); (5.33)

f/l\/llg/,lb :M_1 (_M—l —bl+(al+M_l)€M(h_a)),

If matrix M is non-invertible, we have
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—~M
[’fb =Lap=(M—=vpv,)"! (eM(b_“) —I)+(b—a)VRVL;

2_ 2
MY =(M =vgv,)™! (beM(”’“)—aI)+MVRVL
—(M =y, )2 (M —T)+(b=a)v v, (5.34)
22
Map=(M=vv,)™" (aeM(b‘“)—bI)+%vRvL

+(M =vpv,)? (eM(”‘“) —I)—(b—a)vRVL.
Proof. First, we consider [‘y , and be. It is easy to obtain:

MJ’beM(x—a)dx:J'bdeM(x—a) — Mb-a) _].
a a

b b b
M.[ xeM(x_”)dxz.f xdeM =) = peM b=®) —aI—J eM =) dx;

‘< ‘ ‘ (5.35)
VRVLJ. M dx=v v, (b—a);
(b*-a*)

5
If M isinvertible, the results are obtained directly from the first two equalities in the above
equation. If M is non-invertible, then we use the fact that M —v,v, is invertible. The

b
M (x—a) —
VRVLLxe dx=vyv,

results for [fb are obtained by routine calculations using all the equalities in the above
equation.

Results for 724,1, and HQMJ, can be obtained similarly.

We summarize the computational steps for the joint density function in Algorithm I.

Algorithm 1.

1. Input Parameters: {l,=—o0,1, ...,[, .y, =}, {0, C",C™}, n=1,2,..,N, and

(PL, PGY, PW. PO PWPW QW QM QW) for n=1,2,..,N~1.
(n) —(n) —(n)

2. Compute (¥, g™, 2™ ¥ 2" 7"} for {0™,C™,C™} by using equations in
Section 4, for n=1,2,...,N;Compute {I"", f(n)} by equation (5.11) for n=1,2,...,N;

(1,1

3. Compute {‘I’Efﬁ_lnfl),‘P_Jr ”’1),Afi_lnfl),f\\(fffl"’l)} for {Q™,C™,C™), n=1,2,...,N,
by using equation (4.13);
4. Construct matrices A and B (equation (5.12)). Compute {H """, H "} for m,n=

1,2,...,N —1by using equation (5.13);
5. Construct @, by using equations (5.14) and (5.15); Solve linear system x@, =0 and

xe=1 for {p”,n=1,2,.,N—-1};

62



Queueing Models and Service Management

6. Compute matrices {M",i=1,2,....8,n=1,2,...,N} by using Lemma 7 (equation (5.10))
and equation (5.18);
7. Use equations (5.17), (5.21), (5.22), and (5.24) to compute v{” and v{", for
n=1,2,....N;;
8. Compute {Wﬁr”),w(_”), n=1,2,...,N} by equation (5.26);
9. Compute {uﬁr”),u(_”), n=1,2,...,N} by equation (5.27);
10. Compute c,,,,, by using equation (5.30) and Lemma 9;
11. Use c,,,, tonormalize {p”,n=1,2,..,N-1} and {u\”,u"”,n=1,2,..,N}..

12. Use the updated vectors and Lemma 9 to compute the stationary distribution function
(equation (5.29)), density function (equation (5.28)), and the mean fluid level

(equation (5.31)).
We have tested Algorithm I extensively. Next, we present one example with all

parameters. On the other hand, an MMFF process usually has many parameters. So, we
present two more examples without parameters.

Example 5.1 (Example 3.1 continued) A sample path of the example are shown in Figure
1(b). Density function of the fluid level is shown in Figure 5(a). We have calculated the
mean fluid level, which is E[X(#)]=2.7278. For this three-layer MMFF process, the

density function changes drastically at the two Borders [, =0 and [,=3. Within each layer,
the density function looks like the exponential function. This is not surprising given the
matrix-exponential form of the density function in equation (5.28).

Example 5.2 We also plot the density functions of the fluid level in Figure 5 for two more
examples to show the variety of the density functions that can be generated by multi-layer
MMFF processes. Figure 5(b) is for a three-layer MMFF process with [;=0 and [,=3 and
mean fluid level E[X (7)]=1.8069.. Figure 5(c) is for a five-layer MMFF process with
[,=0, I,=5, [;=9, and [,=14.5 and mean fluid level E[X ()]=10.4758.

0.6 T T T T 0.6 T A — T T 035

05 0.5 \

04 0.4 ‘

f;\’m ®
/‘\'(I/ £%

2

0.3 = i
S
N

02 02 / |

0.1 0.1 / \ /‘J‘ ‘\‘

0 0 - 0 \/

4 2 I[ 0 21,-34 6 8 10 12 -4 -2 I/ 0 21,-34 6 8 10 -5 I[ 0 1,5 1.-9 /4 45 20 25

X X

(a) (b) (c)
Figure 5. The density functions of three multi-layer MMFF processes.
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The set of multi-layer MMFF processes is a rich class of stochastic processes for which
the density functions take many interesting shapes. Although the density function may look
like the exponential function in individual layers, the shape of the entire function seems
versatile. The algorithm works well for small/moderate size problems in terms of the
number of states of the underlying Markov chain. For large size problems, the algorithm
has to be modified in order to reduce the size of state space. For instance, computation of

border probabilities {p™,n=1,2,..,N—1} can face the dimensionality issue since the matrix
G can be too big for numerical evaluation. On the other hand, the state space used in
computation can be drastically reduced for many cases by taking advantages of special
structures of the multi-layer MMFF processes. In the second half of this paper, we use a
queueing example to demonstrate how Algorithm I can be applied to analyze stochastic

systems and how the state space can be reduced to make the algorithm numerically more
efficient.

6. The MAP/PH/K+GI Queue

In this section, we apply the theory on multi-layer MMFF processes to analyze a
queueing system with customer abandonment. In Subsection 6.1, we introduce the queueing
model explicitly. In Subsection 6.2, we introduce a Markov process associated with the age
of the customer at the head of the waiting queue, to be called the age process. Based on the
age process, we introduce a multi-layer MMFF process in Subsection 6.3. Subsection 6.4
presents an algorithm for the stationary distribution of the age process. In Subsection 6.5,
computational procedures are developed for a number of queueing quantities. Numerical
examples are presented in Subsection 6.6.

6.1. Definitions of the MAP/PH/K+GI queue

We consider a multi-server queueing model with customer abandonment. Upon arrival,
all customers join a single queue and are served on a first-come-first-in basis. There are K
identical servers. When the waiting time of a customer reaches (random) time 7, the
customer leaves the system without service.

(1) Customers arrive to the queueing system according to a continuous time Markovian
arrival process (MAP) (D,,D,), where D) and D, are square matrices of order m,,.
Intuitively, D0 contains the transition rates without an arrival and D1 contains the
transition rates with one arrival. The underlying Markov chain of the arrival process
{1,(r),t=20} has an irreducible infinitesimal generator D=D +D,. The stationary
distribution g, of the underlying Markov chain satisfies 8,D=0 and @,e=1. The
(average) customer arrival rate is given by A=@,De. See He [28] and Neuts [38] for

more details on MAPs.
(i1) All customers join a single queue waiting for service and are served on a first-come-
first-in basis. If a customer’s waiting time reaches random time 7, the customer leaves
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the system immediately without service. The abandonment time z has a discrete
distribution: P{r=1,}=n,, for n=1,2,..,N, where [[=0<[,<...<l <[, =oo.

(iii) There are K identical servers. When a server becomes available, the customer at the
head of the queue (if there is any) enters the server for service. If an arriving customer
finds an idle server, the customer enters the server for service upon arrival.

(iv) The service time of each customer has a phase-type distribution with PH-representation
(B, T) of order m,. We assume that fBe=1, i.e., the service time of a customer is
always positive. The mean service time is given by —8T 'e. Let i, =1/(-8Te),
which is the service rate. See Neuts [39] for more about phase-type distributions.

(v) Define p=A/(Ku,). We assume 7], 0<l to ensure the stability of the queueing
system. Since 7]y 4 is the number of customers who arrive per unit time, who will not

leave the system until service is done, and K, is the number of customer that can be
served per unit time, 77y 0<l ensures that all customers are either served or abandon

the system in finite time. Consequently, the system is stable. If 77, =0, the system is
automatically stable.

6.2. The Age Process

To obtain performance measures for the queueing model, we utilize a Markov process
associated with the age of the customer at the head of the queue. The age of a customer is
defined as the time elapsed since the customer enters the system. Since customers arrive
according to an MAP and service times are of phase-type, tracking the age of the customer
at the head of the queue, state of the arrival process, and states of the service processes of
individual servers, provides enough information to describe the dynamics of the queueing
system. Define

* a(t): the age of the customer waiting at the head of the queue at time z, if the (waiting)
queue is not empty; otherwise, a(t)=0 (See the top figure in Figure 6). If
l, <a(t)<ln 4, for n=1,2,..,N—1, a(t) increases linearly at rate one if there is no
service completion; Otherwise (i.e., there is service completion), a(t+0)=
max{0,a(t)—u}, where u is the sum of the interarrival times between the customer at
the head of the queue and the customer just behind it in the queue. If a(¢)=1[,, for
n=2.3,...,N—1, a(t) continues to increase linearly at rate one with probability
1=n,/(n,+...+1); Otherwise, a(t+0)=max{0,/,—u}, where u is the interarrival
time between the departing customer (since its waiting time reaches [, ) and the
customer just behind it in the queue. The interarrival time  is the sum of interarrival

times between those two consecutive customers at the head of the queue and all lost
customers, if they exist, between them. By this definition, if a(¢#)=0, there is no
customer waiting for service.
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* I,@): If a(®)>0, [, () is the state of the customer arrival process right after the
arrival of the customer at the head of the queue; and if a(#)=0, the state of the arrival
process at time ¢ (i.e., 1, @®)=1,(1). ) By this definition, 1) 1S piece-wise

constant and its value changes only when a(¢) drops down.

e n.(t): the number of servers whose service state is i at time 7, for i=1,2,...,m;.

It turns out that {(a(t),l(a)(t),nl(t),...,nms (1)),t=0}, is a continuous time Markov

chain whose infinitesimal generator can be constructed as in He et al. [30] by using the
CSFP approach (See He and Alfa [29]). Based on the total number of working servers, the
state space of (n, (t),...,nms (t)) can be organized as QO)UQ(1)U...UQ(K), where, for

k=0,1,....K,
Q(k)= n=(n1,...,nms):ni20,ni integer,izl,...,ms,inizk . (6.1
i=1

The set (k) consists of all states such that there are exactly k customers in service (or k
working servers), for k=0,1,...,K. The number of states in (k) is given by
(k+my—1)!/(k!(m;—1)!). Then the state space of the Markov process can be written as

HOp{1, .o AU QU U 0,001, ..., m, }x QUK. 6.2)

Remark. Instead of using {n, (t),...,an (1)}, a more straightforward and simple way to

model the service process is to keep track of the service process for each server (called TPFS
in the literature) (See He et al. [30] or He and Alfa [29]). However, the number of states
required by that approach to track the service status of the K servers (i.e., the CSFP method)

is O(mX), which is significantly greater than 0[(1(;1"”_&1_1D, the number of states

s

required by the approach used in this paper.

If a(r)>0, the state of the customer arrival process is frozen (i.e., constant) except for
down-jump epochs. On the other hand, the states of the service processes are changing
according to rate matrices Q(K,m;) for no service completion and
O (K,m,)P"(K—-1,m,) for service completion. If a(t)=0, the arrival state and service
states are all changing according to rate matrix

Ao A,
Ao Ay A,

A

K-1,K-2

. (6.3)
Ag 1 k-
K,K-1

AK—],K
(Dy+7,D)®I+1®Q(K,m,)
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Construction of matrices Q(K,m,), O~ (K,m,), P*(K-1,m,), Qf;, and the blocks within

¢ is complicated. An algorithm has been given in He and Alfa [29] for that purpose.
Details are omitted.

Special cases of the age process have been analyzed by using an analytic method
introduced in Choi er al. [18] (Also see Kim and Kim [33] and He ef al. [30]). However,
that approach seems not suitable for the analysis of the multi-server queue with MAP
arrivals due to a matrix commutability issue. In this paper, based on the age process, we

introduce a multi-layer MMFF process to solve the problem.

6.3. A multi-layer MMFF process

Now, based on the age process, we define a multi-layer MMFF process
{(X (1), (1)), t=0}. The idea is conventional and is to change the down jumps of the age
process into periods of decreasing fluid, keep the increasing periods of the age process for
the periods of increasing fluid, and keep the periods with a(r)=0 for the periods with zero
fluid (See the two figures in Figure 6). More specifically, we have

(2): The Age Process

0.1
0.08
=006

0.04

\
N\
AN
N
<
\
AN
-
\r L1 1 |

002 ) / /

0.05 0.1 0.15 02 025 03 035 0.4 045 05

0.1

0.08 -
=006 -
=

0.04 =

0.02 -

* sk L % % 1 1 1 1 1

0 0.1 02 03 0.4 05 0.6 07

Figure 6. A sample path of the age process (top) and its corresponding MMFF
process (bottom).

1. There are N layers with Borders [,, for n=1,2,...,.N. Layer 1 is empty (i.e.,
SO =@).
2. For Layer n=2, the state space for ¢(¢) is:
S ={+IX{L,.m I QK), S ={=}X{L,....m,}xQ(K), and S{"=@. (6.4)
The Q-matrix Q™ of the underlying Markov chain is:
s I®Q(K,my) I®Q (K,m,)P*(K—1,m,)

Q" = ) (6.5)
SWi@m,+..+n,)D,®I  (q+..+n,_)D,®I+D &1
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The fluid flow rates are all 1 or —1, i.e., Cfr") =C"W=].

3. Within Border /[ (i.e., [;=0), the transition rates of the underlying Markov chain are

given by equation (6.3) for Q! and

0
= . =0 (6.6)
(772 +...+77N)D1 ®I

4. The transition probabilities entering Border /; are given by (Remark: There is no Layer
1.)
P =0; PO =0; PO =(0,...,0,]). 6.7)
When entering from Layer 2 to Border [/, the underlying process ¢(z) enters the set
{0}x{1, ... m, }xQ(K).
5. All other borders (n>1) have no state. The probabilities of approaching Border [,, for

2<n<N-1, from below are given by

+...+
PO = T popo o Tha TN g pon (6.8)
T+t Ty +10, et 1],

The probabilities of approaching Border [,, for 2<n<N -1, from above are given by
PO =13 P® =0; PU) =0 (6.9)

The joint stationary distribution of the multi-layer MMFF process can be obtained by
using Algorithm I.

6.4. Joint stationary distribution of the age process and Algorithm I1

We would like to point out that, if @¢(r)e UN_, S\, the service process evolves and
the state of the arrival process is frozen in the multi-layer MMFF process, and, if
p(1)e UN_, 8™ the states of the service processes are frozen and the arrival process evolves.
With a brief reflection of the definitions of the age process and the multi-layer MMFF
process, it is easy to see that the age process can be obtained by censoring out states in

UN_, 8. Computations can be done using Algorithm I. However, the state space required

for Algorithm I can be too large, unnecessarily, if K is big. Using certain special structure
of the multi-layer MMFF process, we can modify Algorithm I and reduce the required state
space for its implementation.

(i) Border Probabilities: Since all borders, except Border [, are empty, we have
p(”)=0, for n=2,3,...,N—1. Therefore, we only have to compute p(”, which
satisfies p'@Q{" =0, where
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W= ohph p) (6.10)

b+ above” —bb?*

where 2!  contains the first passage probabilities from the set above Border /; (up) to
return to Border / (from above), which can be computed recursively as follows. We
define 2" = the state transition probabilities that the process goes up leaving Border 1,
and returns to Border /, (from above) for the first time (i.e., starting in S"*" and ending
in ") We also define 2" the state transition probabilities that the process goes
up towards Border /, and goes below Border /, from above or reflecting on Border /,

for the first time (i.e., starting in S and ending in S™ ). Immediately, we have

p(N—l):lIl(N), and for n=2,3,..., N—1,

above

2w = pw 4 po 20 ( [ —pm 2 )‘1 Py,

below +b+" above —b+" above
(R RPN (6.11)
) —\pn ) L A ) ooy [ @) oy | R
Pabove _lP"ﬁ " +A+ﬁ " pbelow I lP—" Pbelow A— :
(i) Vector p'”: Due to the special structure of Q{" and P), we obtain
Ao Ao
" Ag Ay A
0 = o 3 : 6.12)
Ak Ak Aok
Ax k1 Ak K

where Axx=(Dy+1,D)®I+I®Q(K,m)+((1,+...+177,)D,® A} . We can explore the

bove

quasi birth-and-death (QBD) structure in Q" to reduce the state space required for

computing p as follows. Define

B =4 ,o(_Ao,o)il;

o (6.13)
Bk:Ak,k—l(_Ak—l,k—l_Bk—lAk—2,k—1) , for k=2,3,...K;

Define Q' =(D,+1,D))® [+ I ®Q(K,my)+((17,+... 41, )D,® AL + B Ay . We also
divide p according to the number of busy servers into (p{",p{",...p"). Then p{
satisfies p!” [(,11)( =0, and p\", =p\"B,, for k=K,K-1,..,1. In the computation, we
set p’e=1 and normalize the vectors later.

Denote by Pg,;(X) the joint stationary density function of the age process. Let
P (x)=p, (%), if [ _,<x<l. By Theorem 2 and censoring out U, 8™, we obtain

Theorem 3. We assume that 1y p<1 and (1], +...+1,)p#1 for n=2,3,..,N—1. Then the
steady state distribution of the age process exists and its density function is given by
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Pla(t)=0}= Zp(”e

(6.14)
7(” -l ORI ()
p ()=ue T pum XTI for | <x<l,n=2,..N.
The normalization factor is (Remark: u?") =0)
K n)
2 (y- =(n)
G Z <1)e+ZJ‘ [ u®e® ) g 7", ’)‘P"] edy. (6.15)
k=0 n=2""n-1

Proof. For the existence of the stationary of the age process, we need to show that 77, 0<1
if and only if £, <0. To do so, we find @ satisfying 80" =0 and @Ge=1. We divide
@ into (@,,0.) according to S and S". By routine calculations, we obtain
0, =: (1, +..+7,)0,D,)®0,/(Be+0€) and O =6,0.0 (K.m)P (K—1,m))/(6,e+8e),
where és satisfies és(Q(K,ms)+Q_(K,mS)P+(K—1,mS))=O and ésezl. It has been
shown in He et al. [30] that QQ‘(K,mS)PJr(K —1,m,)e=Ku, (i.e., the total service rate).
Consequently, we obtain 4, =6,e—0.e=((1,+...+7,)A—K )/ (6,e+6.e), which leads
to the condition of the existence of the stationary distribution. Also, the relationship shows
that (77, +...+7], JA—K ;=0 if and only if 4, =0. Thus, all assumptions in Theorem 2 are
satisfied. The closed form solution of the density function of the age process is obtained
from that of the multi-layer MMFF process by censoring.

Again, evaluations of integrals in the above equation can be done by applying Lemma
9. Next, we modify Algorithm I to compute the joint stationary distribution of the age
process.

Algorithm IT
1. Input Parameters: K, N, {{,=0,1,, ..., =}, {1,,7,, ....71 }, {m,, D,,D,}, and (B.T);

2. Construct {Q(K,m,),0" (K,m,),P"(K—1,m,),0),’} by applying the algorithm in He

and Alfa [29];
3. Construct transition blocks for the multi-layer MMFF process: {lo = —00,11, el

N-1°

ly =}, {Q<”%Ci”%ci”%n=1,2 N oand (P, PG P PG PGPS
oM, 0", n=1,2,..,N-1}, according to Subsection 6.3;

4. Similar to Steps 2 and 3 in Algorlthml compute {¥™, 7((”) 2w @" 7" 7"y for

{0™,c™}, Compute (@m0 @7t AU ROy for (O C CMY
for n=1,2,...,.N-1;;
5. Compute 2 using equation (6.11); Construct Q;}}( using (6.13); and solve

p’@yx =0 and pYe=1,, and Compute p™;
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6. Compute {M™,i=1,2,....8,n=1,2,..,N}, {(w’,w” n=1,2,..,N}; and {u{’,u”,
n=1,2,..,N} by using Algorithm I;

by using equation (6.15), and use ¢

1
orm t0 normalize {p{",

7. Compute ¢

n=0,1,...,K} and {uﬂr”),u(_”), n=1,2,..,N};
8. Use the updated vectors and equation (6.14) to compute the density function of the age
process.
We would like to point out that the above computation process can be simplified further.
For example, there is no need to do Step 3. In all subsequent computations, matrices
constructed in Step 2 can be used directly. The set S{* is empty. Thus, there is no need to

consider them in computations. Since C!” and C"™ are identity matrices, there is no need
to construct and use them in computation.

Two particular issues related to the implementation of Algorithm II are worth
mentioning. The first issue is to determine the left and right eigenvectors, corresponding to
eigenvalue zero, of A" and % (n). The second one is about solving the Sylvester
equation AX+XB=C. It is recommended to use Schur decomposition in combination
with back-substitution, instead of Kronecker product.

6.5. Queueing quantities

Based on the joint stationary distribution of the age process, we find three sets of
queueing quantities: (i) Customer abandonment/loss probabilities; (i) Waiting times; and
(ii1) Queue lengths. We assume that conditions stated in Theorem 3 hold throughout this
section.

Proposition 1. The probability that a customer will eventually receive service is given by
N

zp;‘>(D ®e+— Z(u(”)[”((n) umZy lllp )(1®Q‘(K,ms)P+(K—1,ms))e, (6.16)

7"
(1)
where lf/ o and [ 14, are defined in Lemma 9. Then the customer abandonment
n—1"n

probability is p, =1—pg;. We decompose p, into two parts: (i) loss probability Dy of

customers at the head of the waiting queue (including those customers who see no waiting
queue and no available servers, and abandon the system); and ii) loss probability p; ., of

customers before reaching the head of the waiting queue. Then we obtain Py o1 =Py — Py |»

and
(1) —(n
. (("‘]j)@”)e 12(”% g 4 g G gjiﬂ_n, 6.17)
M
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Proof. By definitions, we have
[Zp(l)(Dl ®I)e+_[:p,(+1(x)(1 ®Q‘(K,mY)P+(K—1,mS))ede. (6.18)

We note that the numerator in equation (6.18) is the sum of transition rates that a customer
enters a server for service, and the denominator in equation (6.18) is the arrival rate. Then
the ratio is the percentage of customers who receive service, which is also the probability
that a customer will eventually receive service. The desired expression is obtained by

combining equation (6.18) and Lemma 9.
The probability for a customer who sees no waiting queue and no server available, and

abandons the queue is p{”((77,D,)®I)e/A. For a customer at the head of the queue to
abandon the queue, its age must reach [, forsome n=2,3,...,N—I. Ifits age reaches [,

its age must be greater than [, which occurs with probability 7,+...+77,. Then the
probability that it abandons the queue is 77,/(7),+...+77,). Combining with the transition

rate for the age to reach [,, whichis Pg,,(/,)e, we obtain

1)
pL,l_ ((ﬂlg )@I)e 1% Z K+l(l )e Ty (619)

Zﬂm

which leads to the desired result.

Proposition 2. The distribution of waiting time W of customers who receive service is

P{W, =0}— Z:p(”(D1 ®1e;

dPWy<x} 1
dx "~ peA

) (- 2
(ui’”/ Ot g )IP(’J(I®Q‘(K,ms)P+(K—1,ms))e, (6.20)

for [ <x<l,,n=2,3,..,N.
The distribution of abandonment time W | of customers lost at the head of the waiting
queue is given by
np (D, ®1)e

PL,l/?'
. 6.21)
77” ]pKﬂ(l )e, for n=2,3,...,N_1~

, forn=I;

P{WL’1 =1l,}=
(77"+...+77N Pt

The abandonment time W, of a customer that abandons the queue before reaching the
head of the queue, we have, for k=1,2,...N—1,
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T

L>1

N
P{WL,>1 :lk}:[ Z [ugrn)[;:/(n) ‘P(n)-Hl(n)le ](D ®I)e 7 (6.22)

n=k+1

Proof. First, we note that Ws =0 occurs if a server is available when a customer arrives,
which leads to the expression for P{WS =0}. Similar to the proof of Proposition 1, we use
the transition rate ratio to derive

dP{W; <x} 1
dx

lpKH(x)(I@DQ (K,m,)P*(K—1,m,))e, for x>0, (6.23)

which leads to the desired result.
Second, we note that WL,] =1, if a(t) reaches [, from below and an abandonment

occurs for n=2,3,...,N—1. The probability for W, | toreach [, is p%),(i,)e/(p,,A). The

probability for the abandonment to occur is 7),/(7},+...+17]y). Forn=1 (i.e., for Border [,
= 0), the conditional probability for a customer who sees no waiting queue and no server
available, and abandons the queue is pY’((77,D,)®1I)e/(p, ,A). Then expression (6.21) can
be obtained easily.

We use the joint stationary distribution of the multi-layer MMFF process to find the
distribution of W,

L>1*

the arriving customer will abandon the queue in the future with probability 7, +...+7, _, if

When the multi-layer MMFF process is in S and there is an arrival,

[ _,<x<l,. Since customer arrivals take place only when the fluid level of the MMFF

process is decreasing, we censor out the periods of time in which the fluid level is increasing.
Using the censored process, we obtain, for k=1,2,....N—1,

PW, ., =1} =C—m{z j ™ (x)dx(D, ®I)Je77k, (6.24)

Crorm P14\ = 7o

where

2(n)
Crorm Zp(”e+ZI (u(") A0 g g S _})] edy. (6.25)

(Remark: Vectors u(”) and u™ in equation (6.25) are not normalized.) In the multi-layer
MMFF process, the fluid level increases and decreases both at rate 1. If the process is
ergodic, probabilities that the process is increasing or decreasing at an arbitrary time are

equal. Thus, we must have ¢, =¢ which leads to the desired result in equation (6.22).

norm norm ?

According to the law of total probability, we must have P{W;<e}=1 and

Zi:lP{WL’1 =1,}=1, which can be used to check computation accuracy. The law of total

probability > nN:_llP{WL?] =1,}=1 can also be used to check computation accuracy. The mean
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waiting time E[W(] can be calculated by:

N n "M @,
> M a0, B (T®0 (K m)P(K=1,m)e,  (6.26)

n=2

1
1=

(n)

where M~ ™ and Mf i, are defined in Lemma 9. The distribution of the waiting time W
n

_171}1
of an arbitrary customer can be found from that of W, W,, and W, . The mean

waiting time can be found by

EW]=p EIW, 1+ p, BIW, 1+ p, EIW, 1. (6.27)

Let qs(t) be the number of customers in service (or busy servers) and gy, (f) the
waiting queue length at an arbitrary time ¢. The distribution of g¢(f) can be found directly

@)

from the border probability vector p'”’. The z-transform of g, (f) can be derived based on

the joint distribution of the age process. If the a(f)=x at an arbitrary time ¢, the waiting

queue length consists of the customer at the head of the queue and all customers arrived
after that customer (i.e., in the period (#—x,7)) who have not abandoned the queue yet. To

identify who are still waiting in queue and who have abandoned the queue, we divide the
interval (r—x.,t) into (t—1L,1), t—L.t—L)), .. (@t—xt-1 ), if [ _ <x<lI, Customers

who arrived in (—[,,f) are still in the system at time ¢ with probability 1—7,. The
conditional probability generating function of the number of such customers is
exp{(D,+(73,+(1-13)2)D))L,}. (see He [28]). For customers arrived in (¢—1;,t—1,), they
abandon the queue before ¢ with probability 7, +7, and are still in the queue at time 7

with probability 1-7,-7,. The conditional probability generating function is
exp{(Dy+(m, +1, +(1-1,-1,)2)D)(l;=1,)}. In general, for customers arrived in
(t=1,,t=L ), they abandon the queue before ¢ with probability 1-7,, and are still in the
queue at time 7 with probability #,, where 7),=17),,+7], . +..+7,. The conditional
probability generating function is given by exp{(D,+(1-7, +7,20D)(1,,—L ,)}. Denote
by P*(n,z,x)=exp{ (D, +(1-n+nz)D,)x}®1. Conditioning on a(t) atan arbitrary time t,

the probability generating function of gy, (f) can be found as follows.

Lemma 10.

N . % A 2 PPN
B[z 1=pVetz) [ " PP (231, ) [] PG 2.by ) de, (6.28)
1 1

n=2 ln— m=n—

(Remark: b,=1,-l . for m=23,..,N.)
By Theorem 2.3.2 in He [28], we have
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P (1,z,x)e

o =(nAxe+(e" ~1)(D—e@,) ' nDe)®1. (6.29)

z=1

Recall that A=6,D€ and D=D,+D,. Consequently, we obtain

Proposition 3. The distribution of q(t) is given by

pe, if k=0,1,...,K-1;

Plgs()=k}=7 (6.30)
1->"piVe, if k=K.
k=0

The mean waiting queue length is given by
Elgy ()]=1-pe

+§:i jll” P () (P @ I)dx(7, Ab, I +(e” ~I)(D—e8,)™'7,D, )e®e  (6.31)

n=2m=2""n-1

N
+ Z_;j,l"lp(,?il (x) (77,1/1(96—1,1,1 M+ — 1 (D-e8,)"'A,D, )e®edx.

To calculate the mean queue length, we need to evaluate the integral, for
2<m<n<N,

n—1

A (-1 701 —oe ™ | DO
" (ui’”e CTnt) LK g (e o ”—1)®I)dx. (6.32)
Define, for a<b and matrix M,

A1) - [P 00 (o200 © 1)l x; and Z" = ['eM 0B (o200 @ )dL. (633)

. .. . —(M.,D) . .
Lemma 11. If matrix M is invertible, 20" and Lap ~ satisfy the following Sylvester

equations, respectively,

MLEP + 25D (DO =M (" @ 1)1
(6.34)

~(M,D) —~(M,D)

M[a,b _[a,b (D@I):eM(b_a)@(")_@(n) (eD(b_a) ®1)
If M is non-invertible, let v, and Vv, the left and right eigenvectors of M, satisfying

—~ (M ,D) . . .
V,Ve=1 and v,e=1. Then /M- and L.; " satisfy the following Sylvester equations,

respectively,

(M =V, v ) LYD + LD (D®T) =M ("0 ®I)=1-V, v, L;
(6.35)

~M.D)  —~(M.D) o) =~ (n)

M~V V) Z0y" 20" (DO =0 F" G (P @) v, v, ¥"L,
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where I, =U:€D“‘“’dXJ®I =((e?" ~1—-(b—a)e8,)(D—e,)" |®1

Proof. The lemma can be proved similar to that of Lemma 9. Details are omitted.

Remark. It is well-known that a Sylvester equation of the type AX +XB=C has a unique
solution if matrices A and B have no common eigenvalues. That is why we present the
second part of Lemma 11. The existence of a solution is still not guaranteed, though.

Combining Proposition 3 and Lemma 11, we obtain

Elgy (01=1-p"e
N n 7 n—l1 B

+Z (uin)’ZIIU(I( ]),D) +u(_n)[1(::1’ln,0) ][ZeD(ln—l ) (ﬁmﬂ’b,nl +(€Dbm -1)(D _eea )—I ﬁle )® Ije
n=2 n-1"n

m=2

N —(n) (n)

) (n) —7 G (6.36)
A m [ g% i3 m

+§277,, [ (Mm L l"—l”{]ln,lsln)-'-u— [Mlnl,ln -1, Z’znlzJ Je

p=

N (n) —(n)
(n) () D) _ A"

| x'"Dy _ & ) _
+Zz[u+ [4’171,,’1 4n71,lnj+u, (/, =LY B((D €6,)"',D,®1)e.
p=

Note that Lemma 9 is used in the above expression.

Let g, (t) be the total number of customers in the queueing system at an arbitrary time
t. Then the probability generating function and the mean of ¢,,, () can be found as

E[Z%U,(I)] ZZ p(l)e+ZKE[ZqW(f)];
(6.37)

Bl (] ka“’e+K(1 pVe)+Elgy, (1]

k=0
The queueing quantities are connected to each other by the well-known Little’s law:

o Elg, (t)]=AE{W] for the number of waiting customers and the actual waiting times
of customers;

» [lg, (t)]=/1p5 ﬁ(—T)‘le for the number of customers in service and service times;
and

* Elg,, 0)1=AEW]+Ap B(-T)'e for the total number of customers in the queueing
system and the sojourn times of customers.

The relationships provide insight on the quantities and queueing system of interest, and can
be used for checking computation accuracy.

6.6. Numerical examples

In this subsection, we present five examples to gain insight on the abandonment
probabilities, waiting times, and queue lengths. We also use the examples to discuss the
dimensionality issues of our algorithm. We apply our algorithm to queueing models
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investigated in Dai and He [21] and Whitt [44].

Example 6.1. We consider an MAP/PH/K+GI queue with K=50, N=7, (1,1,,1,,1,,s

ls-1,)=(0,1,2,3,4,6,00), 1=(0,0.1,0.2,0.1,0.2,0.2,0.2),
_[—66 16 _(20 30). p_ _(-2.0 1.0

Dy —( 10 —88)’ D, —(20 58)’ B=(0.4,0.6). T‘( 0.6 —1.())- (6.38)

Table 2 shows basic quantities for the arrival process, the service time distribution, and

the abandonment time distribution for those customers that are not infinitely patient, that is,

for 7lT<e. We see that p=A/(uK)=2.257, indicating that the system receives more

than double the traffic volume that it can serve, and therefore we expect that a large

proportion of customers will abandon the queue. The abandonment time distribution for the

80% of customers who are not infinitely patient is bimodal, which illustrates the flexibility
of our approach

Table 2. Basic Quantities of the Input Parameters for Example 6.1.

MAP PH-Dist. TIT <o
1
Rat = 66. =0. - =0.
ate A =66.9474 1 =0.5932 B[zl <o] 0.2857
Mean 0.0154 1.6857 3.5
SCV 1.0475 1.0396 0.245

Applying Algorithm II, a number of queueing quantities can be obtained. First, we plot
the stationary density functions of the age of the customer at the head of the queue and the
waiting time of an arbitrary served customer in Figure 7. It seems that most of the customers

have to wait in the queue for service, yet the mean waiting times are mostly less than [, =6.
Thus, the densities are concentrated around 15 =4. Second, we present the (conditional)

distributions of the waiting times of customers abandoned the queue in Table 3. While the
possibility of customers abandoning the queue varies significantly before they reach the

head of the queue, most of them abandon the queue at ;=2 (if they do abandon the queue).

If a customer reaches the head of the waiting queue, it has a big chance to enter service
before their waiting time (or age) reaches [, =6. Lastly, we summarize other queueing
quantities in Table 4.

Table 3. Conditional distributions of waiting times of customers abandoned the queue
for Example 6.1.

ll 12 l3 l4 15 l6 l7
PW, =L} | 0 | 00 0.0 0.0 | 09962 | 0.0038 | 0.0
P(W,,=0,} | 0 [0.1845] 03690 |0.1845| 0.2619 | 0.0001 | 0.0
PW, =1} | 0 [0.1795] 03591 |0.1795| 0.2816 | 0.0002 | 0.0
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Table 4. Summary of queueing quantities for Example 6.1.

Ela(1)] Dg Pr Pri Prsi Pyo IE{‘/VS]
4.2200 0.4431 0.5569 0.0149 0.5419 0.0 4.2195
EW, 1 | EW,_ ] EW, ] E[W] g, ] Elg,, 1 Elg,]
4.008 2.524 2.564 3.297 50.00 220.76 270.76
;:E:‘ - ;gl 15 |
L] 2 4 [ o E 10 12 14 L] 2 4 “:lh-ug Tii.! 10 12 14

Figure 7. The stationary density functions of a(r) and W for Example 6.1.

Example 6.2. (Example 6.1 continued) We extend Example 6.1 by varying the number of
servers from K=23 (corresponding to p=4.514) to K=150 (corresponding to

p=0.7524), and compute queueing quantities for those queueing systems. The results are

divided into three groups {p;.p;;,p,} {BIWLEW, LEW,  LEW]}, and
{Eg 1. Elgy 1.l q,, 1} . The results are plotted in Figure 8.
08 10 350 .
P‘,t(\, - :[WS E
07 B 9 | e EI0 ) L (S z{:]j
P 8§ RIL El ",t
g‘).é E \ E[W ] _ 250 &
3;0‘5 ; o et Z{:«m
o4 s i i
E = 3 Sis
g0 g! ' . Z
E =3 \\.\ 1
<\ X
0l | N
UZ; 4‘0 f;U 1;[) I(:U |‘z(} \A() 150 023 4‘0 6‘0 s‘o u;o 120 \;0 ‘150 023 4‘0 6‘0 8‘0 \(‘10 1;70 1‘40 150
K K «

(a) Abandonment Probabilities (b) Mean Waiting Times (c) Mean Queue Length
Figure 8. Summary of queueing quantities for Example 6.2.

From Figure 8, it is interesting to see that (1) The abandonment probability p,, can

78



Queueing Models and Service Management

go up and down as K increases; (ii) The mean waiting times are all decreasing (which is
intuitive); and (ii1) The mean total queue length can increase when K increases, which is
due to more customers in service.

We also plot the density function of the waiting time of served customers for K = 25,
50, 100, 120 in Figure 9. It is interesting to see how the waiting time distribution shifts as K
changes. One thing particularly interesting is the impact of the abandonment epochs on the
waiting time distribution, which becomes less significant as K increases. Intuitively, it
happens because fewer customers are forced to abandon as the number of servers increases.

35

3 K=120|
--—-K=100
25+ K =50 -
—K=25
z 2 .
g
AlS5F i
A
1r /‘ | |
KA
L i B
05 ! ‘
J \
0 s I | |

Waiting Time

Figure 9. The stationary density functions of Wy for K=25,50,100,120 for Example 6.2.

Example 6.3. In this example, we consider a queueing system with a bursty arrival process
and service times with a big variation. We assume N=5, [ =0, =1, [ =3, [, =5,

ls=00, 11=(0,0.2,0.3,0.4,0.1),

% 9 3 3 vl ?
m,=4 Dy=| T 57 55 5 D=7 ¢ 5 5/
10 2 -5 5 11 5

(6.39)
¥y 8 n
mS:4, ﬁ:(0.1,0.1,0.7,0.1), T: 0 0.4 _0.8 0'4 .
01 0 01 -1

This example is special since the arrival process is bursty and the service times have a
special distribution as shown in Figure 10, although Table 5 seems to indicate a less variable
queue than that in Examples 6.1 and 6.2. We use this example to demonstrate that (i)
Algorithm II can be used for analyzing queueing systems with matrix-dimensions greater
than two; and (ii)) The algorithm faces the matrix-dimensionality challenge, but it is
applicable to models with specially featured arrival and service processes.
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(a) Sample Path of Bursty Arrival Process.

3 4 5 6 7 8 9

10

(b) Density of Service Times.

Figure 10. Burstiness of the arrival process and density function of the service times

for Example 6.3.
Table 5. Basic Quantities of the Input Parameters for Example 6.3.
MAP PH-Dist. TIT<oo
Rate | A=13.0132 | u=0.4848 m= 0.2903
Mean 0.0801 2.0627 3.4444
SCv 1.0194 0.8171 0.2081

We vary K from 3 to 18. We compute queueing quantities for Example 6.3. Results
related to customer abandonment, waiting times and queue lengths are plotted in Figure 11.

As expected, the queue length seems big, the waiting time seems long, and abandonment of
customers seems significant, even when K = 18.

0.9 1 o Flad
_____ E[W ] -t
08 P 10} s Elay]
P \ EDV T & )
cos L1 oh . Elg)
S P, \ EW, ] <
b= o 8F : .0
506 £ EW, ] S
8 E 70 - 3
£05 o | p
E 2600
204 z Sl 930
g g S P — §
i . s N %
S S, h -
<02 s R I -
0.1 2 o I Sal
N T O B s s e ] N
4 6 8 10 12 14 16 18 4 6 8 10 12 14 16 18 4 6 8 10 1 14 16 18
K K K
(a) Abandonment Probabilities (b) Mean Waiting Times (c) Mean Queue Length

Figure 11. Summary of queueing quantities for Example 6.3.

One issue related to the analysis of complicated stochastic systems is state space
explosion. Specifically, for our MAP/PH/K+GI queue, the number of states in Q(K) can be
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very big. For Examples 6.1 and 6.3, the number of states for each layer is given by

m, (K +m_sl_ 1 j . We present the number of states as a function of K in Table 6.

s

Table 6. Number of states in S US™ for Examples 6.2 and 6.3.

K 1[5 B 10 ji2 j14 |15 18 50 100
Example 6.2 4 |12 |18 22 P26 [30 [32 38 102 02
m,=4, m,=3 (12 84 |180264 [364 480 [544 (760 [5304 [20604

Example 6.3 |16 2241660 |1144 1820 2720 3264 [5320 (93704 [707404

It is shown that, if m, and m, are small, Algorithm II can be applied for computing
queueing quantities for K up to 50 or even over 100. Since one can generate all kinds of
arrival processes and service times even for small m, and m, (e.g., Examples 6.1 and cases
with m =3 ), the method developed in this paper can be useful for researchers and

practitioners.
Next, we use our algorithm to address the performance insensitivity to abandonment
time distributions, an issue examined in Dai and He [24].

Example 6.4. We use the example in Section 6 in Dai and He [24]. We consider an
M/M/100+GI queue with Poisson arrival process {D,=-105,D, =105} and exponential
service time {f=1,T=-1}. The distribution of the abandonment time 7 can be (i) an
exponential distribution with parameter @, denoted as exp, (ii) a uniform distribution on
[0,1/], denoted as Unif , or (iii) a phase-type distribution with {f,=(0.7,0.3) and

TT=(—0(.)305 _792/ 3())} , denoted as H,, which is the well-known Hyperexponential

distribution, where ¢ is a positive constant.

To use Algorithm II, we discretize the above three abandonment distributions with
N =1000, which gives satisfactory approximation results to the continuous case (as
compared to results in Dai and He [24]. Specifically, for abandonment time 7 with an
exponential or H, distribution, the interval [0,3E[7]] is divided into N-—1 identical
intervals of length d=3E[7r]/(N—1). Then we define 7,=0, 7,=P{(n-1)0<r<nd},
for n=23,.,N-1, and 1,=P{T=NJ}. For r with an uniform distribution, the
interval [0,2E[z]] is divided into N—1 identical intervals of length ¢ =2E[z]/(N -1).
Then we define 7,=0, 73,=1/(N-1), for n=2,3,..,N—1, and 7, =0.

Dai and He [24] observes that the performance of the queue is insensitive to
abandonment time distributions. Specifically, through simulation, they have observed that
the queue with those three abandonment time distributions perform similarly, even though,
for given «, the three abandonment times have different means and variances. Results
presented in Table 7 indicates that queueing performance, with respect to more queueing
quantities than those in Dai and He [24], is insensitive to abandonment time distributions,
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which is consistent with the conclusion in Dai and He [24].

Table 7. Summary of queueing quantities for Example 6.4: Part 1.

Ela®)] 143 Pr Prsi

a Exp | Unif H, Exp | Unif H, Exp | Unif H, Exp | Unif H,

0.1 0.5176]0.5010/0.5562(0.0496/0.04970.049310.000910.0010|0.0009]0.04870.0487 [0.0484

0.5 0.1216]0.115410.1319]0.06010.0605 0.059310.0037|0.0040|0.0034/0.0564 0.0565 [0.0559

1 0.0660(0.0614|0.0728|0.066810.0674 0.0658 0.0063 0.0069|0.0057|0.060510.0605 0.0601

2 10.0354(0.0319(0.040210.0738|0.0747/0.0726/0.010310.0116]0.0091|0.0635|0.0631 0.0635

10 0.007410.005610.0099|0.0886/0.0901 0.0868 0.027610.0340(0.0225]0.0609 0.0561 0.0643

W | EW,,] EW, .1 E[W]

o Exp | Unif H, Exp | Unif H, Exp | Unif H, Exp | Unif H,

0.1 0.5187]0.502110.5572(0.5390/0.5306(0.5701|0.3460(0.3414|0.3731/0.5103/0.4943|0.5483

0.5 0.123210.1170/0.1336/0.1566(0.1556(0.1621|0.1113|0.1100|0.1172/0.1227(0.1167|0.1327

1 10.0673(0.0627/0.074210.099510.099410.1019/0.072010.0710(0.075210.0678 10.0635 0.0744

2 0.0364/0.032910.0413]0.06510.06540.0659(0.047410.0465|0.0492/0.0373/0.034110.0420

10 0.0078/0.005910.0104|0.025710.02640.0255(0.018210.0169|0.0192|0.00890.0072|0.0113

P q.0 E{qs ] E[qW ] E[th ]

o Exp Unif H, Exp Unif H, Exp Unif H, Exp Unif H,

0.1 0.034010.035510.0287(99.794199.78499.826|53.582|51.904|57.57 [153.38151.69(157.39

0.5 0.2165]0.223810.2027(96.686 98.64298.770(12.880(12.250(13.94 |111.57|110.90]112.71

1 0.3316/0.3425|0.3144/197.988197.922198.092(7.122 16.667 [7.816 [105.11]104.59(105.91

2 10.453210.468410.4323197.250197.15897.3773.921 [3.581 4.410 [101.17]100.74{101.79

10 0.7089(0.735610.6774195.699195.537195.890(0.936 10.758 [1.185 196.63 196.30 [97.07

The observation seems to hold for queueing systems with a Poisson arrival process and
exponential service times. However, it may not hold, even approximately, for queueing
systems with a non-Poisson arrival process. Now, we change the customer arrival process

from Poisson to MAP with
(-1 0.2 (0.1 0.7

The average arrival rate is 96.4483. The arrival process is bursty since the arrival rates
in the two states of the underlying Markov chain are drastically different. Quantities in Table
7 are reproduced and presented in Table 8. Table 8 demonstrates that some quantities can
be significantly different for the three abandonment times (e.g., p;; and Elg, ] for a>2),
which indicates that the queueing performance is no longer insensitive to the abandonment
time distributions.

To end this section, we analyze the M/ E,/100+E, queue and compare our results to
that in Whitt [44].
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Example 6.5. We consider the example in Section 2 in Whitt [44]. Instead of limiting the
waiting spaces to 200 in the original example (i.e., M/E,/100/200+E, with 200 extra

waiting spaces), we assume that the queue has unlimited waiting space (i.e.,
M/E,/100+E,). The arrival process and service time follow a Poisson arrival process

{D,=-102,D,=102}and Erlang 2 ( E,) service time distribution {f=[1,0],T = (_02 _2j}

respectively. The abandonment time z has a Erlang distribution with phase-type

representation {8, =[1,0],7, = [_02 _zzj} . Similar to Example 6.4, we discretize the above

Erlang distribution with N =1000.

For the queueing model, the customer arrival rate is =102 and service rate of a server
is u,=1. Then p=1.02. Since 7, is almost zero, 77,0 is nearly zero and the queueing
system is stable. Due to customer abandonments, the (waiting) queue length rarely reaches
200. Thus, the performance of the M /E,/100/200+E, queue and the M/E,/100+E,
(discretized) queue is very close. Results are presented in Table 9.

Table 8. Summary of queueing quantities for Example 6.4: Part II.

E[a(t)] Py pL,l pL,>1

o Exp Unif H, Exp Unif H, Exp Unif H, Exp Unif H,

0.1 (1.2385(1.1090{1.4095|0.1470(0.1550(0.1376|0.0007|0.0008/0.0006/0.1463(0.154210.1371

0.5 0.3686(0.284210.4968|0.2525/0.2719(0.2302|0.0026|0.0038|0.0018]0.2500/0.2681 (0.2284

1 0.2020(0.143210.3027|0.299410.3219/0.2715/0.004310.0071|0.0028|0.2951/0.3148 0.2687

2 0.1062]0.069410.1783(0.3413/0.3629(0.3105|0.0072|0.0137|0.0042|0.3341/0.3493|0.3063

10 0.0213(0.0117]0.0449|0.4031/0.4134/0.3821(0.0247/0.0617|0.0111]0.3785/0.3517|0.3710

W | EW,,] EW, .1 E[W]

Exp | Unif H, Exp | Unif H, Exp | Unif H, Exp | Unif H,

0.1 [1.5054[1.3608|1.6947(1.8257|1.8502(1.8126(1.3504|1.3316|1.3851|1.48291.3567[1.6523

0.5 0.5113(0.404810.6691(0.7401/0.7240(0.7535(0.493310.4590(0.5296/0.5074/0.4205 (0.6374

1 10.2990(0.2190/0.4307(0.484210.451810.5151/0.3015/0.2672|0.340110.3005|0.2358 0.4066

2 0.1671]0.1130/0.2681]0.3077(0.2666(0.353010.1763|0.1472|0.2139/0.1712(0.1270|0.2518

10 10.0370(0.0207/0.0753]0.089310.063010.138310.0427/0.0306/0.0640|0.0404|0.02680.0718

p q.0 E{qg ] E[(IW ] E[qtot ]

Exp | Unif H, Exp | Unif H, Exp | Unif H, Exp | Unif H

0.1 0.3182]0.3321]0.3020(82.26981.49883.172(143.03|130.85[159.36[225.30212.35 242.53

0.5 0.5009(0.534410.4622(72.091(70.226(74.247148.94 140.56 |61.47 [121.03|110.78(135.72

1 0.5821(0.6210/0.5337|67.567|65.400(70.26628.99 22.74 39.22 96.55 [88.14 [109.48

2 0.654610.692110.6013|63.530161.44366.501(16.51 [12.25 [24.29 [80.04 [73.69 90.79

10 10.7618(0.7796(0.7254|57.567(56.580(59.597[3.90 2.58 16.93 [61.46 [59.16 166.52
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Table 9. Summary of queueing quantities for Example 6.5.

Performance Measure| Simulation (Whitt) |Approximation (Whitt)] MMFF
P{W =0} 0.217+ 0.0021 0.250 0.2153

)25 0.0351 £ 0.00029 0.0381 0.0350

D7 11.52£0.075 11.41 11.620

Elq,,] 109.9+ 0.092 109.5 110.05

VA 0.1115% 0.00071 0.1102 0.1125

EW, ] 0.1508 = 0.00042 0.1521 0.1524

We note that the half width of 95% confidence intervals are shown in the column for
simulation results. Table 9 shows that our numerical results are fairly close to simulation
results. Some of our results are not in the 95% intervals of corresponding quantities since
their model has finite waiting space while our model has infinite waiting space. In addition,
the following two reasons may contribute to the difference in the numerical results: (i) There
is always a chance that the actual quantity is outside of the confidence interval; and (ii) The
abandonment time distributions are different for our and their models.

7. Conclusions

In this paper, we reviewed and extended the basic theory on the joint stationary
distribution for multi-layer MMFF processes. We applied the basic theory to the
MAP/PH/K+GI queue and developed computational methods for queueing quantities such
as the customer abandonment probabilities, distributions of waiting times, and the mean

queue lengths.

As aforementioned in Section 2, the method developed in this paper can be applied to
the MAP/PH/K+GI in which the customer arrival process and/or service times depends on
the age of the customer at the head of the waiting queue. There are also a number of issues

for future research: (i) Computational details if &, =0 for some n=2,...,N—I for multi-

layer MMFF processes; (i1) The queue length distribution for the MAP/PH/K+GI queue;
(iii) The MAP/PH/K+GI queue in which customers make their abandonment decisions at

specific waiting time epochs {,,L;,...[,, ,}; (iv) The MMAP[L)/PH[LJ/K+GI queue, a

queueing model with multiple-types of customers; and (v) The MMAP[L]/PH[L]/K queue
with customer priorities. Those issues/models are currently under investigation.
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